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Abstract: A p-way (v, k,t) trade T of volume m consists of p pairwise disjoint col-
lections T1,...,T,, each of m blocks of size k such that for every t-subset of a v-set
V, the number of blocks containing this ¢-subset is the same in each T; for 1 < i < pu.
If any t-subset of the v-set V' occurs at most once in each T; for 1 < ¢ < pu, then T is
called a p-way (v, k,t) Steiner trade. In 2016, it was proved that there exists a 3-way
(v, k,2) Steiner trade of volume m when 12(k — 1) < m for each k. Here we improve
the lower bound to 8(k — 1) for even k, by using a recursive construction.

Keywords: 3-way (v, k,2) Steiner trade; 1-solely balanced set; block design
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1. Introduction and preliminaries

Given a set of v treatments V, let k and ¢ be two positive integers such that ¢t < k < v.

A (v, k,t) trade T = {T7,T2} of volume m cousists of two disjoint collections T7 and
T5, each one containing m k-subsets of V| called blocks, such that every t¢-subset of
V is contained in the same number of blocks in 77 and Tz. A (v, k,t) trade is called
(v, k,t) Steiner trade if any t-subset of V' occurs at most once in 71(72). A (v,k,t)
trade is also a (v, k,t’) trade, for all 0 < ¢’ < ¢. In a (v, k,t) trade, both collections
of blocks must cover the same set of elements. This set of elements is called the
foundation of the trade and is denoted by found(T).

* Corresponding Author

© 2024 Azarbaijan Shahid Madani University



330 A new construction for u-way Steiner trades

The concept of trade was first introduced by Hedayat (1960) in the paper [9]. He-

dayat and Li applied the method of trade-off and trades to construct BIBDs with
repeated blocks (1979-1980). Later, Steiner trades were used and renamed by Milici
and Quattrocchi (1986) as DMB (disjoint and mutually balanced). However, in 1916,
Cole and Gumming used a concept that is (v,3,2) trade of volumes 4 and 6. De-
termining the existence and non-existence of (v, k,t) trades of certain volumes is the
most important problem in this field. Many papers have dealt with this problem (for
example, see [3, 6, 10, 12, 14]).
Trades have various applications in combinatorial design theory. For instance, in
the problems related to the structure of block designs, the method of constructing
block designs, non-isomorphic block designs, block designs with repeated blocks, and
determining defining set and intersection problem in block designs. The intersection
problem for two and three block designs has been extensively investigated (see for
example [1, 4, 13, 15, 19]). Now, we give an example of a connection between trades
and intersection problem.

Example 1. Construct an S(2,4,13) design (V, B) with V = Z19 N {a,b,c}. All blocks
are listed below.
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Now, consider the permutation (7,b,¢c,6) on V and construct the new block design (V, B').
All blocks of the new design are listed below.

0000111223345
124725b374b89
385a47c¢cbb789a
96bca86c96achtb

Two block designs have two common blocks. Note that removing common blocks of the two
block designs results in a trade of volume 13 — 2 = 11.

Recently, a generalization of the concept of trade has been defined in [16] as follows.

Definition 1. A p-way (v, k,t) trade of volume m consists of p pairwise disjoint collec-
tions T1,...,T, each of m blocks, such that for every t-subset of a v-set V, the number of
blocks containing this ¢-subset is the same in each T; for 1 < ¢ < p. In other words, any set
T ={T;,T;} for i # j is a (v, k, t) trade of volume m.

Definition 2. A p-way (v,k,t) trade is a p-way (v, k,t) Steiner trade if any t-subset of
found(T') occurs at most once in every T; for j > 1.
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Each T; contains m blocks Bi;, Ba;, ..., Bm;, where B;; denotes ith block of T;. A
type of p-way (v, k,t) Steiner trade with an additional property has an important role
in constructing the Steiner trade is defined as follows.

Definition 3. Let T = {T4,...,T,} be a p-way (v, k,t) Steiner trade. It is called a
pu-way t-solely balanced set if there exist no blocks B;; and Bgp such that |B;; N Bay| > t for
1 <j < b< p. Inother words, Tj and Ty, (1 < j < b < p) contain no common (t+1)—subset.

Theorem 1. ([16]) The following statements hold.

(i) Let T = {Th,...,T.} be a p-way (v,k,t) trade of volume m. Based on T, a p-way
(v+p,k+1,t+1) trade T* of volume pm can be constructed.

(i) If T is also a p-way t-solely balanced, then a p-way (v+ p, k+1,t+ 1) Steiner trade T*
can be constructed.

We need some notation. Let T and T™* be two p-way (v, k,t) trades of volume m.

We consider T'+ 7™ = {Ty UTY,..., T, UT,}. It is easy to see that T+ T is a
p-way (v, k,t) trade. If T and T* are Steiner trades and found(T) N found(T*) = ¢,
then T+ T* is also a Steiner trade. So the problem of determining the set of all
possible volume sizes of a pu-way (v, k,t) trade is one of the most important problems
in combinatorial subjects. Some papers have dealt with this problem (for instance,
see [2, b, 16]). Let Ss3s(¢, k) denote the set of all possible volume sizes of a 3-way
(v, k,t) Steiner trade. The values of Sa5(2, k) have been completely specified by Gray
and Ramsay [7, 8] and Khodkar and Hoffman [11]. We also have the following.

Theorem 2. [17, 18] m € S35(2,k) for all m > 12(k — 1) and each k.

In this paper,by giving a new construction and some new results, we improve the
lower bound to 8(k — 1) for even k.

1.1. Construction (Recursive)

In this section, we introduce a construction that is used in the main results. The
1-solely balanced sets are the main bases for this construction.

Construction 3.
e Consider three (k — 1) x (k — 1) tables A, B, and C, for even k with r common rows.

e Construct three 4-way 1-solely balanced sets Sa, Sp, and Sc with block size k — 1
from tables A, B, and C respectively. The blocks of Sia are the rows of the table
A, the blocks of S24 are the columns of the table A, the blocks S34 are the main
diagonals of the table A, and the blocks of Si4 are the secondary diagonals of table A.
In other words, the collections of each 4-way 1-solely balanced set have the following
frame:

Collection one: {(i,7)|0<j<k—2}, 0<i<k—2.
Collection two:{(i — 7,j)| 0<j<k—2}, 0<i<k—2.
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Collection three: Rename (i, j) as v;yj(x—1), for each 0 < i < k—2 consider the blocks

{v;li(k—1) <j<i(k—1)+Fk—2}.
Collection four: {(j —4,j)[0<j<k—-2}, 0<i<k-—2.

We observe that the second collection {(i — 7,j)|0 < 7 < k—2}, 0 < ¢ < k— 2,
and the last collection {(j —¢,7)|0 < j <k —2}, 0<i<k—2for even k — 1 have
the repeated pair. For ¢ = 0, the pair ((—4,4),(4,4)) for j = 0 and % is repeated.

Therefore, we can apply this method only for even k.

e Construct three 4-way Steiner trades with block size k£ from 1-solely balanced sets by

applying Theorem 1.

e Remove the second collection from each of them and obtain three 3-way Steiner trades

(In each case, the suitable collection will be removed).

e Add these three 3-way Steiner trades and remove the common blocks.

In the following example, we construct a 3-way (29, 6,2) Steiner trade of volume 59 by
using Construction 3. The details of Construction 3 can be observed in the following

example.

Example 2.

Steps one and two of Construction 3:

The 4-way 1-solely balanced sets Sa, Sp, and Sc are obtained from the tables A, B, and
C, respectively. The blocks of S14 are the rows of the table A, the blocks of Sz4 are the
columns of the table A, the blocks S34 are the main diagonals of A, and the blocks of Sia

are the secondary diagonals of A. Consider the following three tables.

112|3(41(5 112|345 11213]4]5
a b c d e a/ b/ c/ d/ e/ a// b// c// d// e//
A: f g h i j B . f/ g/ h/ Z'/ j/ C: f// g// h// /]:// j//
k l minlo k/ l/ m/ n/ 0/ k// l// m// n// O//
p q r s t p/ q/ r/ 8/ t/ p// q// T/l SII t//
Now consider the following 4-way 1-solely balanced sets:
S1a |S24  |Ssa |Saa Sip Sap S3p Sap
12345 |lafkp |1bhnt |leimg 12345 la' f'k'p" |1V n't |1e/i'm/q
S abede |2gblq |2ciop |2ajnr avdde |2¢'b1'q |2ci0'p |2a’5'n'r’
A B
fghij |3chmr|3djkq |3bfos f'g'h'i's" 13 W' m'r |3d' j'k ¢ |3 fo's
klmno|4dins |4eflr |4cgkt E'lUm'n'o' |4d'i'n's’ |4e’ f'I'v" |4c' g'K't!
pqrst |Sejot |5agms|5dhlp p'q'r's't’ |5e’5'0't’ |5a’g'm’s’ |bd' W'y
Sic Sac Szc Sac
12345 1a//f//k//p// 1b//h//n//t// 16,,i//m/lq//

SC : a//bllc//dllell Qg//b//l//q// QClli//O//p// 2a//j//n//T//
f//g//h//i//j// 3C,,hl/m//rl/ Sd//j//k//q// 3b// //O//S//
k//l//m//nlloll 4dlli/,n,l8l/ 4ellflll//r// 4cllg// /Itll
p//q//rllsllt// 5€llj//0/lt// 5a//g//m//s// 5d//h//l//p//
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Step three of Construction 3:
Now, we construct three 4-way (29,6,2) Steiner trades Ta, Ts, and T. of volume 20,
respectively, from 4-way 1-solely balanced sets Sa, Sg, and S¢ by applying Theorem 1.

Tia Tra T34 Tua Tip Typ T3p Tup
%x12345 |xlafkp |X1bhnt |xleimgq y12345 ylafkp y1bhnt yleimg
Xabcde |[X2gblq |X2ciop |X2ajnr ya'b'cd'e’ |§24'V'1'q" |§2ci'0'p’  |§2a’5'n'r’
xfghij |X3chmr |X3djkq |X3bfos Sf'g'hi'5 |§3 W m/r’ |§3d' 5K " |93V f'o's’
%klmno |%4dins |Xdeflr |X4cgkt Yk'lU'm/n'o’ |y4d'i'n’'s’ |§4e’ f'U'r"  |y4c g'k't’
xpqrst |x5ejot |Xbagms |X5dhlp Ip'q'r's't! |§5e’3'0't!  |§5a’g'm's’ |y5d’ R U'p’
vlafkp |y1bhnt |yleimq |y12345 X1a' f'k'p’ |R1IVR'n't' |k1e'i'm’q’ |%12345
¥2gblqg |y2ciop |y2ajnr |yabede R29'b'1l'q"  |R2c'i0'p!  |%2a’j'n'r! |ka'b'cd e’
Y49 Y y<4aj y g J
y3chmr |y3djkq |y3bfos |yfghij X3 h'm/r" |k3d'j'K' ¢ |X3b'f'o's’ |xf'g’hi 5’
Jadins |Fdeflr |ydcgkt |yklmno x4d'i'n's’ | ke f'U'r" (R4 gkt |RE'U'm/n'o
T4 : §5ejot |§5agms |y5dhlp |ypgrst 1T :%bejot Xbagms x5dhlp Xpqrst
Z1bhnt |Zleimgq |Z12345 |Zlafkp W1V h'n't’ |Wle'i'm/q" |W12345 wla' f'k'p’
zZ2ciop |Z2ajnr |zabede |7z2gblg w2ci'o’'p’ | W2a'j'n'r" |Wa'b'c'd e |Ww2g'b'l'q’
z3djkq |Z3bfos |Zfgijh |Z3chmr Ww3d'j'k'q" |W3b' flo's’ |Wfg'i'j'h! | W3c'h'm/r’
7 gvj J gvjy
zdeflr |zdcgkt |zklmno |z4dins wae! fll'r" |Wwac' g'k't" | Wk'lU'm/n’o |Wad'i'n’s’
z5agms |zZ5dhlp |Zpqrst |Zbejot wha'g'm’s’ |Whd'h'l'p’ |Wp'q'r's't’ |Wbhe'j o't
wleimg |Ww12345 |Wlafkp |Wlbhnt 21e’i'm’q’ |212345 21a’ f'k'p" 216’ R/ n't
Ww2ajnr |Wabcde |W2gblq |W2ciop 22a’j'n'r" |2a'b/c'd'e’ |22g'b'V'q" |22 0'p’
w3bfos |Wfghij |W3chmr|w3djkq 23b' f'o’s’ |2f'g’h'i'j’ |23c'h'm'r" |23d'j'k'q
ghyg 7} g J J

Wacgkt |Wklmno|W4dins |W4eflr 24c' g'k't!  |2k'U'm/n’/o’ |24d'i'n's’  |24e’ f'lr!
wbdhlp |Wpgrst |Wbhejot |Wbagms 25d'W'U'p’  |2p'q'r's't |25e’'j'0't’  |25a’g'm's’

Tic Trc T3¢ Tuc

212345 Zla//f//k//p// zlb//h///n///t// 216//i//m//q//

\Za//b//cﬂd//e// 229//b//l//q// izcl/illol/p// 22a//j”n//,r,//

‘Zf//g//h//i//j// Z3C”h”m//7"” 23d//j//k//q// igb//f//o//s//

\zk/.//l//m//n”O// 24d//i//n//8// i46//f//l//,r,// 246//9//k//t//

‘Zp//q//T//S//t// 258//‘]'//0//14:// 25a//g//m//5// st//h//l//p//

Wla//f//k//p” Wlb//h”n//t// ‘}Vle//i//m//q// W12345

Wzg//b//l//q// WZCIIZ'//ONPH W2a//j//n//7.// ‘;Vallb//clld//ell

Wgcﬂh//m”r” W3d//j”k//q// W3b//f//0//5// Wf//g//h//i//j//

W4d//,l://n//sll W4e”f”l“7‘” W4C//g/lk”t// ‘)Vk//l//ml/nlloll

TC : W5€”j”0”t” W5a”g”m/,8// WBd”h//l/,p” Wp//q//,r,llslltl/

5<1b//h//n//t// kle//i//m//q” )‘(12345 }\cla//f//k//p//

)\(20//2‘//0//}2// )‘(2a//j//n//,’,// )\(a//bllc//d//e// )\(2gllb//l//q//

}‘cgd//]’//k//q// }\(Bb//f//o//S// )‘(](‘//g//i//j//h// )\cgcﬂh//m//rﬁ

)\(4ellf/llll,r// 5(4C//g//k”t// )\(k//l//m//n/loll 5(4d”i”n”s”

5{5a//g//m//8// 5(5d//h//l//p// kp//q//,r,//.s//t// 5{56//]'//0//t//

ylelli//m//q// 5]12345 yla//f//k://p// Sllbl/h//n//t//

y2a//j”n//r” ya//bﬂc/ldﬂell ng”b//l//q// yQC//,L‘//O//p//

ysb//f//olls// S]f//g//h//i//j// y3C//h//m//,,.,// ygd//j//k//q//

y46//g//k”t” yk//l//m//n/loll y4d”i//n//51, }‘/46//](‘//[”7,,//

y5d//h///l//p// yp//q///r//s//t// y5e//j//o//t// 5]5a//g//m//s//

Now, we have three 4-way (29, 6, 2) Steiner trades Ta, Ts, and T¢, of volume 20 . By adding

three trades we obtain one 4-way Steiner trade of volume 60.
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Step four of Construction 3:

Take £ = & = x. Then there exists the common block X12345 in these trades. This block
is not in the second collection of the trades Ta, Ts, and Tc. Remove T24, Tap, and Tao
from 4-way (29, 6, 2) Steiner trades Ta, Ts, and T¢ and Obtain three 3-way (29, 6, 2) Steiner
trades T, Tg, and T¢ of volume 20.

Step five of Construction 3:

We now add three 3-way (29, 6,2) Steiner trades T%, T, and T(,, of volume 20 and remove
the common block X12345. By adding these trades, we have a 3-way (29, 6, 2) Steiner trade
of volume 204+20+20—-1=60—-1=12x5—1.

By using the above construction, we obtain some theorems that are used in the main
results.

2. Main Results

In [17], it was proved that there exists a 3-way (v, k,2) Steiner trade of volume m
when m > 12(k—1) for k > 15. In [18], it was shown that it is correct also for k < 14.
In the following theorem, we improve the lower bound from 12(k — 1) to 11(k — 1),
when £k is even. In this theorem, we apply Construction 3.

Theorem 4. There exists a S-way (v, k,2) Steiner trade of volume 12(k — 1) — r for
r € {0,...,k — 2} with block size k for even k.

Proof.  The first step of Construction 3: Take three (k—1) x (k —1) matrices 4, B,
and C' with r common rows.

The second step of Construction 3: Construct three 4-way 1-solely balanced sets
Sa, Sg, and S¢ of volume k — 1 as shown in Example 2.

The third step of Construction 3: Now apply Theorem 1 to construct three 4-way
Steiner trades of volume 4(k — 1) with block size k denoted by T4, Ts, and T.

In this proof, take T=2 = Z.

Tia |Toa |T3a |Tia Tip |Top |T3p |TiB
XS1A |T524 |ZS34 |TS4a 9518 |952B |9S3B |§S4B
Ta : §Soa |§S34 |§Saa |9S14a T : TSop |TS3p |ZSip |TS1B
28534 |2544 |Z2514 |2S24 wWS3p| WS4 |WS1B|WS2B
WS4 |WST A |WS24 |WS32 254 |2S1B |2S2B |2S53R

Tic |Tac |T3¢  |Tac
zZS1c |2S9¢ |2S3¢ |ZS4c

Te @ wSsc|wS3c|wSsc |WS1c

2S3¢c |ZSac |ZS1c |TS20
ySac |YSic |YSac |¥S3c
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The fourth step of Construction 3: The bold parts of trades contain the r common
blocks. Remove, the second collection from each 4-way Steiner trade and obtain three
3-way Steiner trades.

The fifth step of Construction 3: These trades have r common blocks in the different
collections.

Therefore, T : (Tl, Ts, Tg) = (TlA, T34, T4A) + (TlBu Tsp, T4B) + (Tlc, Tsc, T4c) is
a 3-way (v, k,2) Steiner trade of volume 12(k — 1) — r for r € {0,...,k —2}. The r
common blocks are removed when the trades are added. O

In the following theorem, we improve the lower bound and prove that m € Ss5(2, k)
for all m > 10(k — 1) + 1 when k is even. In this theorem, we apply Construction 3.

Theorem 5.  There exists a S-way (v, k,2) Steiner trade of volume 11(k — 1) — r for
r €{0,...,k — 2} with block size k for even k.

Proof.  The first step of Construction 3: Take three (k—1) x (k—1) matrices A, B,
and C' with » common rows.

The second step of Construction 3: Construct two 4-way 1-solely balanced sets S4, Sp
of volume k — 1 and one 3-way 1-solely balanced set S¢ of volume k£ — 1 as shown in
Example 2.

The third step of Construction 3: Now apply Theorem 1 to construct two 4-way
Steiner trades of volume 4(k — 1) with block size k denoted T4 and Tz, and construct
one 3-way Steiner trade of volume 3(k — 1) with block size k denoted T¢. In this
proof, take Z = & = Z.

Tia |Toa |Tza |Tya Tip |Top |13 |Tin
2814|7524 |TS34 2544 9518 |§528 |JS38 |9SaB
Ta : 7S24 |yS3a |§S4a |§S14 T @ &S2p |2S3p |2S4p |£S1B
ZS34 |2S44 |25714 |Z2524 WS3p | WS4 |WS1B|WS2p
WS4 |WS14 | WS4 | WS34 2S84 |2S1B |2528 |2S53B

Tic |Tac |T3c
ZS1c|252¢ |ZS3¢

Tct

TS3¢c |£S1c|TS20
yS1c |YSac |¥Ssc

The fourth step of Construction 3: The bold parts of trades contain the r common
blocks. Now remove the third collection from T4, and Tg.

The fifth step of Construction 3: We obtain three 3-way Steiner trades. These trades
have r common blocks in the different collections. Therefore, T : (11,T%,T5) =
(Tha, Ton, Tua) + (T, Top, Tup) + (Thc, Toc, Tsc) is a 3-way (v, k,2) Steiner trade
of volume 11(k — 1) — r for r € {0,...,k — 2}. O

In what follows, we improve the lower bound and prove that m € Ss4(2,k) for all
m > 9(k — 1) + 1 when k is even. In this theorem, we apply Construction 3.
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Theorem 6. There exists a S-way (v, k,2) Steiner trade of volume 10(k — 1) — r for
r €{0,...,k— 2} with block size k for even k.

Proof.  The first step of Construction 3: Take three (k—1) x (k —1) matrices A, B,
and C' with 7 common rows.

The second step of Construction 3: Construct two 3-way 1-solely balanced sets
S4, Sc of volume k£ — 1 and one 4-way 1-solely balanced set Sg of volume k — 1 as
shown in Example 2.

The third step of Construction 3: Now apply Theorem 1 to construct two 3-way
Steiner trade of volume 3(k — 1) with block size k denoted T4 and T¢, and construct
one 4-way Steiner trade of volume 4(k — 1) with block size k denoted Tp. In this
proof, take T = & = .

T T: T: T
Tia |Toa |Tsa AlB AQB ASB A4B
o - = 7518 |9S2B |9S3B |JS4B
TS514|2524|T534

Ty : = = - Tp : ISop |TS3p |ZSap |2S1B
9S24 9S54 |YSaa !

ZS34 |2544 (2514

1f)53B 1f)54B wSlg wSQB

284 |251B |2S2B |2593B
Tic |Tec |Tsc
zZS1¢ |2S2¢ |ZS3¢

Tcl

ZS3c |ZS1c|ZS20
yS1c |US2c |¥S3c

The fourth step of Construction 3: The bold part of trades contains the r common
blocks. Now remove the first collection of Tz.

The fifth step of Construction 3: We obtain three 3-way Steiner trades. These trades
have r common blocks in the different collections. Therefore, T : (T1,T%,T3) =
(TlA,TQA, TgA) + (TQB,ng, T4B) + (TIC; Tgc,Tgc) is a 3-way (U7 k, 2) Steiner trade
of volume 10(k — 1) — r for r € {0,...,k — 2}. O

Theorem 7.  There exists a 3-way (v, k,2) Steiner trade of volume 9(k — 1) — r for
r €{0,...,k — 2} with block size k for even k.

Proof.  The first step of Construction 3: Take three (k—1) x (k—1) matrices A, B,
and C' with » common rows.

The second step of Construction 3: Construct three 3-way 1-solely balanced sets
Sa, Sp, and S¢ of volume k — 1 as shown in Example 2.

The third step of Construction 3: Now apply Theorem 1 to construct two 3-way
Steiner trade of volume 3(k — 1) with block size k denoted T4 and T, and construct
one 4-way Steiner trade of volume 4(k — 1) with block size k denoted Tp. In this
proof, take T = & = Z.
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TlB TQB T3B
TIA T2A T3A < = e
£S514|2524|T534 Yo1B |Yo2B |YO3B

Ty : T : z8 TS TS
A 7S94 |55 |75 B TO2B |[TO3B |LO1B

ZS34 |2544 (2514

wSsp |WS1p|WS2B

251B |£292B |2S3B
Tic |Tae |T3c
zS1c |2S2¢ |2S3c

Te : — ~ -
2S3c |ZS1c |TS20

yS1c |YSac |¥S3c

The fourth step of Construction 3: The bold part of trades contains the r common
blocks. Now remove the first collection of Tg.

The fifth step of Construction 3: We obtain three 3-way Steiner trades. These trades
have r common blocks in the different collections. Therefore, T : (T1,T%,T5) =
(TlA,TgA,T3A) + (TQB,T3B7T4B) + (Tlc,Tgc,Tgc) is a 3-way (’U7 k, 2) Steiner trade
of volume 9(k — 1) —r for r € {0,...,k —2}. O

Main Theorem:

Theorem 8. There exists a 3-way (v, k,2) Steiner trade of volume m for m > 8(k — 1)
when k > 4 is even.

Proof. For k = 4, the authors already proved in [17] that S35(2,4) = N\
{1,2,3,4,5,6,7}, and it is concluded from Theorems 4, 5, 6, and 7 for k > 6. O
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