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Abstract: The Plindex of a graph G is given by PI(G) = 3~ c () (IV(G)|-Ne(e)),
where N¢(e) is the number of equidistant vertices for the edge e. Various topological
indices of bicyclic graphs have already been calculated. In this paper, we obtained the
exact value of the PI index of bicyclic graphs. We also explore the extremal graphs
among all bicyclic graphs with respect to the PI index. Furthermore, we calculate the
PI index of a cactus graph and determine the extremal values of the PI index among
cactus graphs.
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1. Introduction

A topological index is a real number related to a molecular graph that gives some
structural properties of the molecules. There are different types of topological indices,
i.e., distance-based, degree-based, and neighborhood-based topological indices. Some
examples of topological indices are the Wiener index, Szeged index, Zagreb index,
Padmakar - Ivan (PI) index, weighted PI index, etc., which have applications in the
field of chemical graph theory. The Wiener index is the oldest and most widely studied
topological index [16]. After the success of the Wiener and Szeged indices in 2000,
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426 PI index of bicyclic graphs

Khadikar proposed another index, the Padmakar-Ivan index, abbreviated as the PI
index, in [7]. It is defined as,

PL(G)= > (mu(e|G)+my(e|@)),
e=uveE(G)

where m,,(e|G) is the number of edges in G lying closer to the vertex u than to the
vertex v.

After a few years, Khalifeh introduced the vertex version of this index and, using this
notion, computed the exact expression for the PI index of the Cartesian product of
graphs in [10].

The vertex Padmakar-Ivan (PI) index of a graph G is defined by,

PI(@) = Y (nu(e)+nle)), (1)

e=uveE(G)

where n,(e) denote the number of vertices of G whose distance to the vertex u is
smaller than the distance to the vertex v.

A vertex w € V(G) is said to be an equidistant vertex of an edge e = uv if d(u, w) =
d(v,w). The set of equidistant vertices of an edge e = wwv is denoted by D(e) and
is defined as, D(e) = {w € G : d(u,w) = d(v,w)}. Ng(e) denotes the number of
equidistant vertices of e, Ng(e) = |D(e)|.

In equation (1), n,(e) + n,(e) = |V(G)| — Ng(e). So vertex PI index of a graph G is
also given by,

PIG) = Y (IV(G)] - Na(e).

e€E(Q)

The former is the edge PI index and the latter is the vertex PI index. Ili¢ and
Milosavljevi¢ introduced another topological index, the weighted vertex PI index in
[5], and computed the exact expressions for the weighted vertex PI index of the
Cartesian product of graphs. The weighted PI index of a graph G is given by,

PI(G)= Y ((de(u)+da(©))(IV(G)| - Ne(e))) -

e€cE(G)

The topological indices of some molecular graphs are studied in [1] and [16]. Khadikar
et al. investigated the chemical and biological applications of PI index in [9] and [8].
Indulal et al. constructed a class of non-bipartite graphs possessing Pl-invariant
edges in [6]. Manju and Somasundaram [3] obtained the PI index for some classes of
perfect graphs like co-bipartite graphs, line graphs, and prismatic graphs. They also
calculated the exact value of the PI and weighted PI indices of powers of paths, cycles,
and their complements in [2]. Gopika et al. obtained the weighted PI index for the
direct and strong product of certain classes of graphs in [4]. In [15] and [11], authors
calculated the sharp lower and upper bounds on the edge PI index of connected
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bicyclic graphs with the constant number of vertices. They also characterize the
case of equality for both bounds. In [12], Gang Ma et al. obtained the upper and
lower bounds on the edge PI index of connected unicyclic and bicyclic graphs with
given girth and characterized the corresponding extremal graphs. The computation
of the upper bound on the edge PI index of connected bicyclic graphs with an even
number of edges has been done by the same authors in [14]. In [13], the upper and
lower bounds on the weighted vertex PI index of bicyclic graphs are obtained and the
corresponding extremal graphs are also given. Motivated by this, we discussed the
exact value of the vertex PI index of bicyclic graphs, and the corresponding extremal
graphs in this paper. We also studied the PI index of cactus graphs.

The contraction of an edge e = wv in a graph G results in a new graph in which edge
e is replaced by a new vertex, which is adjacent to all vertices that are adjacent to
w or v in G. It may contain parallel edges. G * e is the new graph by excluding all
parallel edges.

If G is a bipartite graph with n vertices and m edges, PI(G) = nm [6]. In particular,
if T,, is a tree with n vertices, then PI(T,) = n(n—1) and PI(T,,x¢) = (n—1)(n—2).
The subdivision of any graph is a bipartite graph. If G is a graph with n vertices and
m edges, then the subdivision of G has n 4+ m vertices and 2m edges. Therefore the
PI index of the subdivision of G is 2m(n + m).

2. PI index of unicyclic graphs

Throughout this section, we assume that G is a unicyclic graph with n vertices and
m edges with the unique cycle Cy. It is easy to see that number of vertices and edges
n(n—1) if nis odd

n? if n is even.

We observed an important property that the contribution of edges of an odd cycle C

to Ng(e) gives a partition of n.

are the same in a unicyclic graph. Also PI(C,,)=

Lemma 1. Let G be a unicycle graph with n vertices with an odd cycle Capt+1. Then

Z NG(e) = n.

e€EE(Cop41)

Proof. If G ~ Cyy41, then > Ng(e) = n. Otherwise, let T;,i = 1,2,...,k be the
trees in G rooted on each vertex v; of Cax41 (some T; can be empty). For any edge in
the cycle, there is only one vertex (say v;) in the cycle as the equidistant vertex, and
hence all the vertices of T; are also equidistant. Therefore, the sum of the number of
equidistant vertices corresponding to edges in Cogyq is n. O

Lemma 2. Let G be a unicycle graph with n vertices with an odd cycle Caoxy1. The edges
in Caopq1 contribute 2kn to the PI(G).
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From Lemma 1, it is easy to see that the edges in Cory1 contribute 2kn to the PI
index of G.

Theorem 1. Let G be a unicycle graph with n vertices with unique cycle Cx. Then
PI(G) = n? szzs even
n(n—1) if k is odd.

Proof. Let G be the unicyclic graph with n vertices and the unique cycle C. If k
is even, then G is a bipartite graph and so PI(G) = n?. Assume that k is odd. Let

E; be the edges of Cy, and Fs = E(G) — E;. Now PI(G) = Y. ([V(G)| — Ng(e)) +
eck

X}Iﬂ (IV(G)| = Nal(e)) = (k= 1)n + ZE (IV(G)] = Na(e)) (by Lemma 2).

ecEs ecky

The set E5 has (n — k) edges, and each edge in F5 has no equidistant vertices in G.
Thus PI(G) = (k— 1)n+ (n — k)n = n(n — 1). O

By Theorem 1, the PI index of G does not depend on k. So we can easily say that
the PI index of a unicyclic graph G is either n(n — 1) or n2, it attains its lower bound
if the cycle in G is odd and attains its upper bound if the cycle is even.

If G is a unicyclic graph, then Gxe is a unicyclic graph. Suppose G is a unicyclic graph
with n vertices and the cycle C5 then Gxe is a tree, and hence PI(Gxe) = (n—1)(n—2).
The following corollary is an easy consequence of Theorem 1.

Corollary 1. Let G be the unicyclic graph with n vertices and the unique cycle Cy, k > 4.
(n —1)? if k is odd and e € Cy, or if k is even and e ¢ Cj,

Then PI(G *e) =
en PI(G xe) {(nl)(n?) if k is odd and e ¢ Cy, or if k is even and e € Cj.

3. PI Index of Bicyclic Graphs

A simple connected graph G is bicyclic if its number of edges is equal to one more
than the number of vertices in G. Let G = C(p,q, k) be a bicyclic graph with n
vertices, which has two cycles C,, and C, (throughout this paper we assume that
p < q) and the two cycles share k edges (k > 0) ey, ea,...,e;. Then G has three
cycles, Cp, Cq, and Cpiq—ok. Let Cp : urug ... uptr, Cqg = v1v2 ... vqv1 and Cppq_ok :
UL UpUp—1Up—2 + - - Ug4 1 VE42Vk43 - - - Vg1 With uy = vi,us = va,. .., Uk41 = Vp41. Let
T; be the tree rooted at the vertex u; of Cp, and T} be the tree rooted at v; of Cy. Let
\V(T;)| = t;, [V(T])| =t (including the vertices u; and v;). We can call the edges of
Cp U Cy as the cyclic part and the remaining edges as the non-cyclic part of G. An
example of a bicyclic graph is shown in Figure 1.

We can easily see that a vertex u is an equidistant vertex of an edge e, then the vertices
of trees rooted on u are also equidistant of e. we call such trees, equidistant trees of
e. The equidistant trees corresponding to edges e; € Cp, N C; has more importance.
Let p be the total number of equidistant vertices corresponding to the edges common
to C}, and Cj,.
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Figure 1. Example of a Bicyclic Graph

Lemma 3. Let G = C(p,q,k) be a bicyclic graph with n vertices. If G has an odd cycle

of length r then ezé (IV(G)| = Na(e)) = (r — 1)n.

Proof. Let G be a bicyclic graph with n vertices and let C), and C;; be the two cycles
in G and we assume that p < ¢ < p+ ¢ — 2k. Also assume k < d,d is the diameter of
smaller cycle C,. We consider three cases.

Case 1. p and ¢ are odd.

For proving > (|[V(G)| — Ng(e)) = (p — 1)n, it needs to show that Y Ng(e) = n.
ecC)y ecC)p

If v and v are two vertices of Cp, then the distance d(u, v) in G is equal to d(u,v) in

Cp. As k < d above is the same in the case of Cy. Since p is odd, every vertex on C,

must be an equidistant vertex exactly one edge in Cp. So Ueec, D(e) includes all the

vertices on Cp. Let C be the set of edges common to C), and C, and |C| = k.

Let z1, 22, ..., 2, be the vertices on Cy which are equidistant to the edges in C.

Yy

Viez Mg+

‘uk+2 B

Figure 2. Cyclic part of G used in the proof of Lemma 3 (Case 1)

For the vertex u; there is an edge e = xy in C}p such that u, is equidistant to e. Let
a be the vertex on C, such that (a,21) is an edge of C; as shown in Figure 2. By
calculating the length of all paths connecting « and a,d(z,a) = d(z,u1) + d(ug,a) =

el (45— (k—1)) and d(y, a) = d(y, upr1)+d(upi1,a) = B5E—k+ 951 +1,a € D(e).
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Let A be the path from z to a including the vertices uy, u1,v4. Since a and u; belong
to D(e), all vertices of Cy that lies between u; and a (along the path A) are also in
D(e). Similarly, the vertices ujt1, Vkt2,. .., are in D(e’), where ¢’ is the edge in C,,
such that vertex uy,1 is equidistant to ¢’ and b is the vertex next to zx as shown
in Figure 2. If a vertex v € D(e) then the trees rooted on v also in D(e). Hence

> Ng(e) = n. Similarly, we can prove that Y. Ng(e) = n.
ecC, ecCy

Case 2. p is even and ¢ is odd.
Assume that p < ¢ < p+ ¢ —2k. Two odd cycles in G are Cy and Cp1q—2k. As in the
above case, Uecc, D(e) includes all the vertices on C,.

w
N My
B k2 L +2

Figure 3. Cyclic part of G used in the proof of Lemma 3 (Case 2)

For the vertex u; there is an edge e = zy in C, such that u; is equidistant to e. Let
_P

z be the vertex on Cj, such that d(ug+1,2) = § (there exist such a vertex because C,
is an even cycle).

Let A be the path from x to z containing ui,u,, and B be the path from y to z
containing ug11,ugre (not including the edges in path C). By considering all the
paths from y to z, d(y,2) = d(y,urs41) + d(ury1,2) = ¢ — k + 5§ and d(z,2) =
d(z,uy) + d(u1,z) = ¢+ % — k. From this, we can say that z € D(e), so all the
vertices on C), that lies between u; and z(along A) are equidistant to e. Let €/ = 2’y
be the edge on C, such that ug41 is equidistant to e€’. Also, let w be the vertex on
Cp such that d(ui,w) = 5. So the vertices between ui;1 and w (along B) are in
D(e’). Therefore we can easily say that the remaining vertices between z and w are
equidistant to the edges of Cy lies between e and ¢’. If a vertex v € D(e) and hence
the trees are rooted on v also in D(e). Hence } .. Na(e) = n.

Two edges e = zy and ¢ = uv are equidistant if d(x,u) = d(y,v) or d(x,v) = d(y,u),
i.e. the distance between those edges are equal. Now consider the cycle Cpyq—ak.
E(Cp+q72k) = (El @] EQ) \ E3, where E1 = E(Cp),EQ = E(Cq) and E3 = E(Cp) N
E(Cy). So we only need to consider E; \ E3. Since E; and E3 are parts of an even
cycle, corresponding to each edge e in E3 there is an equidistant edge ¢’ in E; and
Ng(e) = Na(e'), Yeec,,, o Nale) =n.

Case 3. p is odd and q is even.

It is easy to prove.

Using the same procedure we can prove the Lemma for k > d. O]
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Theorem 2. Let G = C(p,q,k) be a bicyclic graph with n vertices. Then

n(n—1)+p if p and q are odd
PI(G) =¢n(n+1) if p and q are even

n?—p otherwise.

Proof. We prove this theorem by considering two cases.

Case 1. Assume that £ < d.
We distinguish three situations.

Subcase 1.1. Both p and ¢ are odd.

Graph G has exactly two odd cycles C),, Cy, and an even cycle Cpy4—2x. From Lemma
3, Cp and Cy contribute (p — 1)n and (¢ — 1)n to the PI index of G, respectively.
Consider the edge e; € C}, N Cy, there is one vertex u; at distance d, in C), belongs
to D(e;) and hence the vertices of the tree T; are also belong to D(e;). Similarly
there exist v, in C and hence V(7)) are also belongs to D(e;). Therefore Ng(e;) =
tj +t0,. Thus U'_3V(Tj4r) € D(e;) and UFZJV(T0,.,) € D( U  e). So the

e; €CpNCy

edges common to C,, and C, contribute kn — (Z tivr + E tm+7> = kn — p to the

PI index of G. If we consider the non-cyclic part, each tree T; and T contributes
n(t; — 1) and n(t; — 1) to PI(G). Hence

PIG) = (p—n+(@—1n—(kn—p Zt—l Z(t;—l)
i=1 i=k+2
= <p+q—2—k+zt—1 XqI t_1>
= n<p+q—k—2+<zp:ti—p>+ Z t;—(q—k—1)>>+
i=1 i=k+2

= n(n—1)+p.

Subcase 1.2. Both p and ¢ are even.
In this case, G is bipartite since all the three cycles in G are even in length and
therefore PI(G) = n(n + 1).

Subcase 1.3. p is even and ¢ is odd.

Graph G has one even cycle C, and two odd cycles C; and Cp44—2;. Partition the
edge set E(G) into three sets, E1 = E(Cpiq_ak), B2 = C,NCy = {e1,e2,..., e} and
FE5 is the union of edges in the non-cyclic part. From the Lemma 3, F; contributes
(p+q—2k —1)n to PI index of G.

For the edge e; in E5, there is exactly one vertex v,, in C; at distance d, belongs
to D(e;) and thus V(T),) C D(e;). So Ng(e;) = t,,. Thus the edges in C, N C,
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r=k—1
contributes kn — Zo trvsr = kn — p to PI index of G. The non-cyclic part E3
contributes the same as in Subcase 1.1. Thus
P q
PI(G) = (p+q—2k—1)n+ (kn—p) +n(>_(t;— 1) +n( Y (-1))
i=1 i=k+2

p q
= (ptq—2k—1+km—p+nd_ti—p)+n( Y, ti—(g—k—1)
=1 i=k+2

P q
(P+q—2k—1+k+> ti+ > ti—p—qt+k+1)n—p
=1 i=k+2

= n?—p.

Case 2. Assume k > d.

We consider three situations.

Subcase 2.1. Both p and ¢ are odd.

In this case, we partition the edge set into four sets. Let By = E(Cp),E, =
E(C,),Es = E(C,NC,), and Ey be the union of edges in the non-cyclic part of
G. E; and E; contribute (p — 1)n and (¢ — 1)n to the PI index of G, respectively.
Also, E4 contributes the same as in the above case. Now, we have to find the
number of equidistant vertices corresponding to the common edges. Consider the

set with common edges C' = {e1, es,... T YN W PR P PR , €k}
Each edge in C has an equidistant vertex in C,. Since it is a part of C,
possible equidistant vertex is at d,. For an edge e¢; = w;u;41 in C, if v is the

equidistant vertex in C,, then length of the shortest u; — v path is d4. Such a
vertex exist if any other u; — v path (not along C,) greater than d,, that is,
d(t1i, v) = d(us, ur)+ (g, wes1) + dugs1,0) = (1= 1)+ (p— k) + (552 — (b—0) > 45*
implies i > k — p%l. Similarly, d(u;4+1,v) = dg, it is the distance of the
shortest path along C,. If we consider any other path, the length should be
greater than dg, that is, d(uiy1,2) = d(Uit1,ukt+1) + d(ugs1,v1) + d(ug,v) =
k=) +@®—-k+ ("2;1 - (-1) > ‘I;Ql implies 7 < %. Therefore, there exist
equidistant vertices at distance d, for the edges S B R The

total number of vertices equidistant to edges in C is p. Thus we have PI(G) =
P q
p—Dn+(@—Dn+n(d ti—p)+n( >, ti—(g—k—1))—(kn—p) =n(n—1)+p.

=1 i=k+2

Subcase 2.2. p and ¢ are even.
In this case G is bipartite graph and hence PI(G) = n(n + 1).

Subcase 2.3. p is even, and ¢ is odd.

The edge set of G can be partitioned as Eq = E(Cppq—21), B2 = E(Cp) N E(Cy), E3
is the union of edges in the non-cyclic part. FE; contributes (p + ¢ — 2k — 1)n to
the PI index of G. Now, we have to find the equidistant vertices corresponding to the
common edges. Let the common edges be C = {ej, e, ..., €k—2,€k—B41,---,€2,€2+
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1,...,ex}. Since the common edge is a part of Cy, a possible equidistant vertex is at
dq. Similarly, as we have done in Case 1, there exist equidistant vertices at distance
d, for the edges €k—L4+1,€k—L42,---,€E. The total number of vertices equidistant to
edges in C is p. Therefore,

q

PI(G) = (p+q—2k—1)n+n( (ti—l))—i-n(‘z (t: — 1)) + (nk — p)

NE

=1 1=k+2
P a

= (p+q—2k—1n+nd_(ti—p)+n( > (t—(g—k—1))+ (nk—p)
i=1 i=k+2

= nlp+q—2k—1+n—-p—(qg—k—1)+k)—p=n?—p

From the above theorem, we conclude that for any bicyclic graph, the PI index de-
pends on the number of vertices and the number of equidistant vertices p correspond-
ing to the common edges of two cycles C}, and Cj,.

Next, we consider extremal graphs among bicyclic graphs. Let G be a bicyclic graph
with n vertices and two odd cycles, Cp, and C;. From the Theorem 2 PI(G) =
n(n — 1) + p. Here, the minimum PI index is n(n — 1), which is attained by graphs
with p = 0. G5 in Figure 4 is such a graph. The maximum is n(n—1)+n—1 obtained
when p is maximum.

If G has one even and one odd cycle, PI(G) = n? — p. Here, the minimum PI index
is n2 — p = n? — (n — 2), which is attained by such graphs which have maximum p.
Maximum PI index n? obtained when p = 0. G; and G in Figure 4 are examples of
extremal graphs, and such graphs are not unique.

1 2 3 n-7 1 2 3+ +n-5

Figure 4. Extremal Graphs

Next, we consider those graphs G such that, the resulting graph Gx*e has the following
property. The number of edges common to the cycles in G * e should be less than
the diameter of the shortest cycle in G * e, and p,q > 4. We can partition the edge
set of G as By = Cp (not in Cy), E2 = Cy (not in C)), E5 = E(C,) N E(C,) and
Ey = U E(Tj ), Es = Uf;OlE(T;nH) and Eg represent the remaining edges. ¢
and ¢’ are the number of equidistant vertices (for the common edges) on C, and C,
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respectively, * denote the same in G*e. The following corollary is an easy consequence
of Theorem 2.

Corollary 2. Let G be a bicyclic graph then the PI index of G * e is as follows.
1. PI(Gxe)=(n—1)* -k,

t(ort') if p and q are odd and e € E1(or E2) or if p is odd and q is even and
e€ Es UEG
k= qt« (ortx) if p and q are even and e € Ex(or E1) or if p is odd and q is even and
e€ E3
t—1 if p is odd and q is even and e € Ey

2. PI(Gxe)=(n—1)(n—2)+k

t+t —1 if p and q are odd and e € E4|J Es
k=(qt+t'(ortx+t+') if p and q are odd and e € Eg (or if p and q are even and e € E3)
t+ tx’ or if p is odd and q is even and e € Eg

3. PI(G xe) =n(n — 1), otherwise.

4. Cactus graph

A cactus graph is a simple connected graph in which every block is an edge or a cycle.
That is, every cycle has at most one vertex in common.

Theorem 3. Let G be a cactus graph with n vertices, m edges, and p odd cycles. Then
PI(G) = n(m —p).

Proof.  Let Cy,, Ck,, ..., Cy, be the odd cycles of length k1, ka, ..., k, in G. We claim
that each Cy, contributes (k; —1)n to the PI index of G. Let H be the graph obtained
by deleting all edges of odd cycle CY,, it has k; components. Each vertex v on Cy, is
an equidistant vertex corresponding to some edges (exactly one) e in Cy,. All vertices
of the component containing v also belong to D(e). Thus } ... Ng(e) = n. The
remaining edges (which are not parts of an odd cycle) contribute ln(m — (k1 + k2 +
-+++kp)) to the PI of G. Thus we have

PI(G)

(k1 =Dn+ (k2 = Dn+ -+ (kp = Dn) + (n(m — (k1 + k2 + - + kp)))
(ki +ko+--+k,—pn+nm— (ki +ka+---+kp))
= n(m — p).
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From the above theorem, we can easily say that the PI index of a cactus graph G is

maximum and is equal to nm when p = 0 or G has no odd cycles. Also, the PI index

of G is minimum when p is maximum. Since the maximum number of edge-disjoint
m

triangles among m edges is | %], the maximum feasible value of p is |%]. So the

minimum PT index is n(m — [ % ]).
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