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Abstract: For a graph G = (V, E), a triple Roman dominating function (3RD-
function) is a function f : V — {0,1,2,3,4} having the property that (i) if f(v) = 0
then v must have either one neighbor w with f(u) = 4, or two neighbors u,w with
f(u) + f(w) > 5 or three neighbors u,w,z with f(u) = f(w) = f(z) = 2, (ii) if
f(v) = 1 then v must have one neighbor v with f(u) > 3 or two neighbors u,w with
f(u) = f(w) =2, and (iii) if f(v) = 2 then v must have one neighbor u with f(u) > 2.
The weight of a 3RDF f is the sum f(V) =" cy f(v), and the minimum weight of a
3RD-function on G is the triple Roman domination number of G, denoted by (3R] (G).
In this paper, we prove that for any connected graph G of order n with minimum degree
at least two, y3g)(G) < 37"

Keywords: triple Roman dominating function, triple Roman domination number

AMS Subject classification: 05C69

1. Introduction

Let G be a graph with vertex set V(G) = V and edge set E(G) = E. The integers
n = |V(G)| and m = |E(G)| are the order and the size of the graph G, respectively.

* Corresponding Author

© 2023 Azarbaijan Shahid Madani University



506 An upper bound on triple Roman domination

The open neighborhood of vertex v is Ng(v) = N(v) = {u € V(G)|uv € E(G)}, and
the closed neighborhood of v is Ng[v] = N[v] = N(v) U {v}. The degree of a vertex
v is degg(v) = deg(v) = |[N(v)]. The minimum and mazimum degree of a graph G
are denoted by §(G) = § and A(G) = A, respectively. Let C,, the cycle of order
n and P, the path of order n. A set S of vertices of G is called a dominating set
if N[S] = U,eg Nlv] = V(G). The domination number v(G) equals the minimum
cardinality of a dominating set in G.

Let k be a positive integer and let f be a function that assigns labels from the set
{0,1,...,k + 1} to the vertices of the graph G. Given a vertex v € V(G), the active
neighborhood of v, denoted by AN(v), is the set of vertices w € Ng(v) such that
f(w) > 1. Let AN[v] = AN(v) U {v}. A [k]-Roman dominating function is defined
in [1] as a function f : V' — {0,1,...,k + 1} such that for every vertex v € V with
fv) <k,

f (AN[]) > |AN(v)| + k.

The weight of a [k]-Roman dominating function is the value f(V) =3 .\ f(v), and
the minimum weight of such a function is the [k]-Roman domination number of G,
denoted by 71z r)(G). Let us point out that for & = 1 the definition matches that of the
Roman domination. Roman domination was introduced by Cockayne et al. in [8] and
was inspired by the marvelous paper of Arquilla and Fredricksen [2] and the work of
ReVelle and Rosing [9] and Stewart [10]. Furthermore, for k = 2 the above definition
matches that of the double Roman domination which was introduced by Beeler et al.
in [3]. Roman domination and its variants have many applications in the areas such
as facility location problems, planning of defence strategies and surveillance related
problems, etc. The literature on this topic has been detailed in two book chapters
and two surveys [4-7].

For any function f : V(G) — {0,1,2,...,k}, define V; = {u € V(G) | f(u) = i}
for each i € {0,1,...,k}. Since these k + 1-sets determine f uniquely, we write
f= o, Vi,...,Vi). The weight of f is defined as w(f) = > ,cy (g f(v). In this
paper we focus on k = 3.

Not that, for a graph G = (V, E), a triple Roman dominating function (3RD-function)
is a function f : V — {0, 1,2, 3,4} having the property that

1. If f(v) = 0 then v must have either one neighbor in V4, or either two neighbors
uw and w in Vo U V3 such that f(u) 4+ f(w) > 5 or either three neighbors in V3,

2. If f(v) = 1 then v must have either one neighbor in V3 UV, or either two
neighbors in V5,

3. If f(v) = 2 then v must have one neighbor in V2 U V3 U Vj.

The weight of a 3RD-function f is the sum f(V) =3 .\, f(v). The minimum weight
of a 3RD-function on G is the triple Roman domination number of G, denoted by
3R] (G). The authors of [1] proved that for any connected graph G of order n,
3R (G) < %". In this paper, we prove that for any connected graph G of order n
with minimum degree at least two y35)(G) < 22.
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We make use of the following results in this paper.

Proposition A. [1] Let G be a graph of order n and mazimum degree A(G). Then
7om(G) < 3n— BAG) + 1.

Proposition B. [1] For any integer n > 3,

[427 if either n =4,5,7,10 or n = 0 mod 3,

YI3R Cn =
) (Cn) {[4;1+1 if n#4,5,7,10 and n = 1,2 mod 3.

Proposition C. [1] Let n be a positive integer. Then 73 Pn = My, such that

4 % , if n=0mod 3
n .

M, =< 4 3 +3, if n=1mod 3
n .

4 3 +4, if n =2 mod 3.

2. Main results

In this section we establish an upper bound on the triple Roman domination number
of graphs with minimum degree 2. We first construct the graph C,, , as follows.
For integers m > 3 and k > 1, let (), » be the graph obtained from a cycle C,, =
(z1z2 ... 2m) by adding a pendant path x1y1ys . . . yg, with y; ¢ V(C,y,) for all possible

2.

Proposition 1. For integers m > 3 and k > 1 with m + k > 4, v35)(Cm,x) < M

3 =

Proof. If m + k = 4, then clearly vigr)(Cini) < Vg (Can) = 4 < 22 Lot

m + k > 5. Since Cy, , has a Hamilton path and since adding an edge cannot
increase the triple Roman domination number, we deduce from Proposition B that
4(m+k) 3(m+k)

V3R] (Crk) < {f—‘ +1 < =5 form+k # 5,7. In the cases m +k =5 or

m+ k =7, it is straightforward to verify the desired bound. O
Let F; be the family of all loopless connected multigraphs G with §(G) > 3 and let
F be the family of all graphs obtained from some graph in F; by subdividing any
edge at least once and at most seven times. Observe that any graph in F has order
at least 5.

Proposition 2. If G € F, then there exists a 3RD-function f of G such that w(f) <

% and f assigns a weight at least three to each vertex of degree at least 3.
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Proof. Let G € F be a graph of order n. The proof is by the induction on n.
The result is immediate for n = 5. Suppose n > 6 and let the result hold for all
graphs in F of order smaller than n. Let G € F be a graph of order n > 6. Let
Vsg ={v € V(G) | deg(v) >3} and V<a = {v € V(G) | deg(v) =2}. A path P of
G is called a Vss-ear path if V(P) C V<o and each end-vertex of P is adjacent to a
vertex of V>3. For each ¢ > 1, let P; = {P | P is a V>g-ear path with |V (P)| = i}.
Let P = J;~; Pi- Note that V>3 U Jpep V(P) is a partition of V(G). For each
Vs>g-ear path P € P, let Xp = {u € V>3 | u is adjacent to an end-vertex of P}. Then
Vo3 = Upep Xp and [Xp| = 2 for each P € P. Hence |V>3| > 2. We consider the
following cases.

Case 1. P3UPs U P7 # .

Suppose P = zjx9-+-xoky1 € P3s U Ps U Pr and let Xp = {a1,a2} where
a121,a2%25+1 € E(G). Assume that G' = (G — (V(P) — {x2,x3,...,Tak41}))
+{z1a2}. Clearly G’ € F. By induction hypothesis, there exists a 3RD-function
f = (Vo,1, V5, V3, Vy) of G’ such that aj,a0 € V3 U Vy, and w(f) < M
Then the function ¢ : V(G) — {0,1,2,3,4} defined by g(zq;) = 3 for 1 < i < k,
g(x2i41) = 0 for 1 < ¢ < k and g(z) = f(z) otherwise, is a 3RD-function of G
such that g assigns the weight at least three to every vertex of degree at least 3, and
w(g) = w(f) +3k < 2020 4 3k = 30,

Case 2. P, UPg # 0.

Suppose P = 125 ...295 € P4 UPg and Xp = {a1,as} where aj21,a229, € E(G).
Assume that G = (G — {z2,23,...,225—2}) + {x129k_1}. Clearly G’ € F. By
induction hypothesis, there exists a 3RD-function f of G’ such that f(a), f(az) > 3,
and w(f) < w To triple Roman dominate xs;_1, we may assume that
f(zak—1) > 3 and f(z1) = f(xer) = 0. Then the function g : V(G) — {0,1,2,3,4}
defined by g(z2) = g(x3) = 2 and g(x) = f(x) otherwise, if k = 2, and by g(x2) =
g(x3) = 2,9(za) = 0 and g(x) = f(x) otherwise, when k = 3, is a 3RDF of G such
that g assigns a weight at least three to every vertex in V>3, and for k = 2 we have
w(g) = w(f)+1< W—i—l < 32 and for k = 3 we have w(g) = w(f) +4 <
3n8) 44 < 3,

Case 3. UZ:S P = 0.

Therefore P = P; U Py. Note that n = |Vsg| + m1 + 2mgo and mq + mg > 3,
where m; = |P;| for i € {1,2}. If |[V>3] = 2, then let Py = {vivi|l < i < mo}
if Po # 0 and P; = {w{|1 <j<my}if Py # 0. If P # (), then the function
g V(G) = {0,1,2,3,4} defined by g(z) = 4 for z € V>3, g(v]) = g(v3) = 0 for
each 1 < i < mg, g(w]) = 0 for each 1 < j < my, is a 3RD-function of G such
that g assigns a weight at least three to every vertex of degree at least 3, and we

have w(g) < 8 < w = 37” Assume that Po = . Then m; > 3 and the
function g : V(G) — {0,1,2,3,4} defined by g(z) = 3 for 2 € Va3, g(w)) = 0 for each
1 < j < my, is a 3RD-function of G such that g assigns a weight at least three to every
in V>3, and we have w(g) <6 < w = 32 Henceforth, we assume |V>3| > 3. Let
u be a vertex in V>3 such that [N (u) N (Upep, V(P))| is maximum. We consider the

following subcases.
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Subcase 3.1. u is adjacent to at least two ear-paths in Ps.

Let P’ = 2125 and P"” = y,y2 be two ear-paths in Py such that uzi,uy; € E(G)
and let azq,bys € E(G) where a,b € V>3 \ {u}. First let a # b. Assume that G’
is the graph obtained from G by removing the vertices u, y1, 21 and joining z2 to ¥y
and joining every vertex z in N(u) — {x1,y1} to either a or b provided a or b is not
adjacent to the end-vertex of the ear-path containing xz. Clearly G’ € F. By the
induction hypothesis, there exists a 3RD-function f = (Vp, V1, Vo, V3, Vy) of G’ such
that (V>3 —{u}) C VaUVy, and w(f) < @ We may assume that f(a) = f(b) = 4.
Define the function g : V(G) — {0,1,2,3,4} by g(u) = 4, g(y1) = g(x1) = 0 and
g(x) = f(x) otherwise. Clearly, g is a 3RD-function of G such that g assigns a weight
at least three to every vertex in V3, and w(g) = w(f) +4 < w +4 <3

Now let @ = b. Suppose G’ is the graph obtained from G — {x2} by joining z; to
a. Clearly G’ € F and by the induction hypothesis, there exists a 3RD-function
=W, V1,Va,V3,Vy) of G' such that V>3 C V3 UV, and w(f) < w We may
assume that f(u) = f(a) = 4. Define the function g : V(G) — {0,1,2,3,4} by
g(z2) = 0 and g(x) = f(x) otherwise. Clearly, g is a 3RD-function of G such that g
assigns a weight at least three to every vertex in V>3, and w(g) = w(f) < @ <

Subcase 3.2. u is adjacent to exactly one V>3-ear path in Ps.

Let P’ = xz1x2 be a Vsgz-ear path in Py such that uz; € E(G) and let azy € E(G)
where a € V>3 — {u}. By the choice of u, we deduce that each vertex in V>3 is
adjacent to at most one V3-ear path in P, and so each vertex in V>3 is adjacent to
at least two V>s-ear paths in P;. Simple verification on the number of edges between
V>3 and Upep, V(P) imply that [Vsz| < my. Let A" = {u € V>3 | u is adjacent to an
end-vertex of a V>g-ear path in P} and A” = V>3 — A’. Again, by simple verification
on the number of edges between A’ and (Jpcp, V(P), we imply that [A'| < 2ma.
Define the function g : V(G) — {0,1,2,3,4} by g(x) = 4 for x € A’, g(z) = 3 for
x € A” and g(x) = 0 otherwise. It is easy to see that g is a 3RD-function of G that
assigns a weight at least three to every vertex in V>3 and we have

IN

4|A"| 4 34"
3|V23| + |A/|

31Vas| + 3my + 2me

3(|V>3|+m1+2ms)
2

w(g)

IN

A

3n

3

Subcase 3.3. P = P;.

Since G € F, G is obtained from a connected loopless multigraph G’ with minimum
degree at least 3, by subdividing each edge of G’ once. Clearly |E(G')| > 3|V(G)|
and so n(G) = |V(G")| + |E(G")| > 3|V(G’)|. Define f : V(G) — {0,1,2,3,4} by
f(x) =3 for z € V(G') and f(z) = 0 otherwise. Clearly f is a 3RD-function of G
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such that f assigns a weight at least three to every vertex in V>3, and

15 3n

w(f) =3V < V(&) <

and this completes the proof. O

Theorem 1. For any connected n-vertex graph G with §(G) > 2,

3n

YI3R] (G) < o

This bound is sharp for Cy, Cs.

Proof. The proof is by induction on n. If n = 6 and A(G) # 3, then the result
follows by Propositions A and B. If n = 6, A(G) = 3, then let v be a vertex with
degree 3 and V(G) — N[v] = {a,b}. If a and b are not adjacent, then (V(G) —
N(),0,0,N(v),0) is a 3RD-function of weight 9. If a and b are not adjacent, then
(V(G) —{a,v},0,0,0,{a,v}) is a BRD-function of weight 8. In both cases y3z)(G) <
37". Suppose n > 7 and the result holds for all graphs G for order smaller than n
with §(G) > 2. Let G be a graph of order n > 7 and §(G) > 2. Since y35)(G) <
3R] (G — e) for every e € E(G), we may assume that |E(G)]| is as small as possible.
If G is disconnected and G1,Ga,...,G; are the components of G, then it follows
from the induction hypothesis that y3z(G;) < m for each i and so y35](G) =
S R (Gi) < S, 3|V(G )| = = 3. Let G be connected. If A(G) = 2, then the
result follows by Proposmlon B. Assume that A(G) > 3. Let V>3 = {v € V(G) |
deg(v) >3} and V<o = {v € V(G) | deg(v) =2}. Consider the V>3-ear paths
and associated notations defined in the proof of by Proposition 2. Note that V>3 =
Upep Xp, Vo3UUpep V(P) is a partition of V(G) and 1 < | Xp| < 2 for each P € P.
We consider the following cases.

Case 1. There exists a V>g-ear path P such that 6(G — V(P)) < 1.

This implies that |Xp| = 1 and since G is simple we have |V(P)| > 2. Suppose
that Xp = {a} and Ng(a) — V(P) = {b}. Then there exists the unique V>s-ear
path P’ such that b is an end-vertex of P'. Let G' = G — (V(P)U V(P') U {a}).
Then 6(G’) > 2 and by the induction hypothesis y3z](G’) < M On the other
hand, since G" = G[V(P)UV(P")U{a}] = Cy(p)|+1,|v(pP)|, We have Ysr) (GIV(P)U
V(P)U{a}]) < B‘V(P)UVQ(P/)U{“H, By Proposition 1. If f is a y3)(G")—function and
g is a 3] (G”)-function, then the function h defined on V(G) by h(z) = f(z) for
x € V(G') and h(z) = g(z) for z € V(G"), is a 3RD-function on G and we have

Y3r)(G) < v3r(G") +3R(G”)
<3|V(2G’) 3\V(P)U\/2(P’)U{a}|

L+

3n
5
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Case 2. For each Vsg-ear path P € P, §(G —V(P)) > 2.

It follows that |Xp| = 2 for each V>g-ear path P € P. If P = UZ:1 P, then G € F
and the result follows from Proposition 2. Assume that P # U::1 P; and let Q €
P\UZ:1 P;. Suppose G' = G-V (Q). By Proposition C and the induction hypothesis
we have y35)(Q) < :HVT(Q)‘ and 73g)(G") < %Gl)‘ If fis a y3p)(G’)-function
and g is a y3p)(Q)-function, then the function h defined on V(G) by h(z) = f(x)
for x € V(G') and h(z) = g(z) for z € V(Q), is a 3RD-function of G and hence
Y38 (G) <Y (G) +var)(Q) < 3. O
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