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Abstract: LetG = (V,E) be a connected graph of order n. A path P inG which does
not have a chord is called a monophonic path. A subset S of V is called a monophonic

set if every vertex v in V lies in a x-y monophonic path where x, y ∈ S. If further the

induced subgraph G[S] has no isolated vertices, then S is called a total monophonic set.
The total monophonic number mt(G) and the upper total monophonic number m+

t (G)
are respectively the minimum cardinality of a total monophonic set and the maximum
cardinality of a minimal total monophonic set. In this paper we determine the value
of these parameters for some classes of graphs and establish bounds for the same. We
also prove the existence of graphs with prescribed values for mt(G) and m+

t (G).
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1. Introduction

By a graph G = (V,E) we mean a finite undirected and connected graph with neither

loops nor multiple edges. The order |V | and size |E| of G are denoted by n and m

respectively. For graph theoretic terminology we refer to [2, 11].
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For any vertex v ∈ V, the set N(v) = {u ∈ V : uv ∈ E} is called the open neigh-

borhood of v and |N(v)| is the degree of v. A vertex of degree 1 is called a pendant

vertex and a vertex which is adjacent to a pendant vertex is called a support vertex.

If the induced subgraph G[N(v)] is complete, then v is called an extreme vertex. The

distance d(u, v) between two vertices u and v is the length of a shortest u-v path in

G. A u-v path of length d(u, v) is called a u-v geodesic. A subset S of V is called

a geodetic set if every vertex v in V lies on a x-y geodesic for some x, y ∈ S. The

minimum cardinality of a geodetic set of G is called the geodetic number of G and

is denoted by g(G). This parameter was introduced in [9] and further investigated in

[3–5, 12, 13]. A geodetic set S ⊆ V (G) is a total geodetic set if the subgraph G[S]

induced by S has no isolated vertices. The minimum cardinality of a total geodetic

set is the total geodetic number gt(G). The total geodetic number of a graph was

introduced and studied in [1].

A chord of a path P is an edge joining two non-adjacent vertices of P. A path P in G

which does not have a chord is called a monophonic path. A subset S of V is called a

monophonic set if every vertex v in V lies in a x-y monophonic path where x, y ∈ S.

The monophonic number m(G) of G is the minimum cardinality of a monophonic

set in G. The monophonic number of a graph was studied in detail [14] and further

studied in [10]. A monophonic set S is called a total monophonic set if the induced

subgraph G[S] has no isolated vertices. The total monophonic number mt(G) is the

minimum cardinality of a total monophonic set of G. This parameter was introduced

in [8] and further investigated in [6, 7, 15]. For any two vertices u and v in a connected

graph G, the monophonic distance dm(u, v) from u to v is the length of a longest

u − v monophonic path in G. The monophonic diameter diamm(G) is defined as

max{dm(u, v) : u, v ∈ V }.
The concept of monophonic path and monophonic number have applications in net-

works. Consider a communication network or a social network in which a few selected

vertices provide a service to the remaining vertices. If a path is required for a vertex v

to provide service to a vertex u, then a shortest u-v path is a natural choice. However,

there are several graphs in which the number of monophonic u-v paths is much larger

than the number of shortest u-v paths. Let G be the graph obtained from the θ-graph

θ(a1, a2, . . . , ak) consisting of k-internally disjoint x-y paths of lengths a1, a2, . . . , ak
where 2 = a1 < a2 ≤ a3 ≤ · · · ≤ ak, by attaching a pendant vertex u adjacent to x

and a pendant vertex v adjacent to y.

Clearly the number of shortest u-v paths in G is 1 and the number of monophonic

u-v paths is k. These monophonic paths can be used by v for providing service in

parallel.

The following theorem will be used in the sequel.

Theorem 1. [8] All the extreme vertices and support vertices of a connected graph G
belong to every total monophonic set of G. If the set S of all extreme vertices and support
vertices of G is a total monophonic set, then it is the unique minimum total monophonic set
of G.
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In this paper we present several results on total monophonic number of a graph.

2. Total monophonic number of a graph

Since every geodesic path is a monophonic path, it follows that every total geodetic

set of G is a total monophonic set of G. Hence it follows that 2 ≤ mt(G) ≤ gt(G) ≤ n.

v1 v2 v5 v6 v7

v3 v4

Figure 1. A graph G with mt(G) = 4 and gt(G) = 5

Remark 1. The above bounds are sharp. For the complete graph K2,
gt(K2) = mt(K2) = 2 and for the star K1,n−1(n ≥ 2), gt(K1,n−1) =
mt(K1,n−1) = n. For the graph G given in Figure 1, clearly no 2-element or 3-element subset
of V (G) is a total monophonic set of G. Also S = {v1, v2, v6, v7} is the unique minimum total
monophonic set of G and so mt(G) = 4. It is easily verified that S′ = {v1, v2, v3, v6, v7} is a
minimum total geodetic set of G and so gt(G) = 5. Thus, we have 2 < mt(G) < gt(G) < n.

Theorem 2. Let a and b be positive integers with 4 ≤ a ≤ b. Then there exists a connected
graph G such that mt(G) = a and gt(G) = b.

Proof. If a = b, then G = K1,a−1 is the required graph. Suppose a < b. Let H

be the graph obtained from the path P4 = (v1, v2, v3, v4) by attaching a− 3 pendant

vertices u1, u2, . . . , ua−3 at v4. Let G be the graph obtained from H by adding b− a
edges xiyi, 1 ≤ i ≤ b− a, and joining each xi with v2 and each yi with v4. The graph

G is shown in Figure 2. Clearly S = {v1, u1, u2, . . . , ua−3, v2, v4} is the set of all

pendant vertices and support vertices. Also S is a total monophonic set of G and

hence by Theorem 1, mt(G) = |S| = a. Now any total geodetic set of G contain

S, any vertex w /∈ S ∪ {v3} does not lie on any x-y geodesic of G where x, y ∈ S.

Also S′ = S ∪ {x1, x2, . . . , xb−a} is a minimum total geodetic set of G and hence

gt(G) = |S′| = b.

3. Upper total monophonic number of a graph

In this section we introduce the concept of the upper total monophonic number of a

graph G and investigate its properties.
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v1 v2 v3
v4

ua−3u1 u2 . . .

x1 y1
x2 y2

. . .. .
.

xb−a
yb−a

Figure 2. A graph G with mt(G) = a and gt(G) = b

Definition 1. A total monophonic set S of G is called a minimal total monophonic set if
no proper subset of S is a total monophonic set of G. The upper total monophonic number of
G, denoted by m+

t (G), is defined as the maximum cardinality of a minimal total monophonic
set of G.

v1

v2

v3

v7

v6

v5

v4

Figure 3. A graph G with m(G) = 3,mt(G) = 4 and m+
t (G) = 5

Example 1. For the graph G given in Figure 3, the set S = {v2, v4, v5} is the unique
minimum monophonic set of G and so m(G) = 3. Also S1 = S∪{v3} is a total monophonic set
of G and mt(G) = 4. The minimal total monophonic sets of G are S1 and S2 = S ∪{v1, v6}.
Hence the upper total monophonic number of G is 5. Thus the monophonic number, the
total monophonic number and the upper total monophonic number of G are different.

Remark 2. Let G be a connected graph of order n. It follows from definition that
2 ≤ m(G) ≤ mt(G) ≤ m+

t (G) ≤ n. For the complete graph Kn all the parameters are equal
to n and for the graph G given in Figure 3 all of them are distinct. It can be easily verified
that mt(G) = n if and only if m+

t (G) = n. Also if mt(G) = n− 1, then m+
t (G) = n− 1. An

example of a graph with mt(G) = n− 2 and m+
t (G) = n− 1 is given in Figure 4.

Theorem 3. Let G be the complete bipartite graph Kr,s with 2 ≤ r ≤ s. Then m+
t (G) =

s + 1.
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Figure 4. A graph G with mt(G) = n− 2 and m+
t (G) = n− 1

Proof. Let V1 = {v1, v2, . . . , vr} and V2 = {w1, w2, . . . , ws} be the bipartition of G.

Since (wi, vj , wk) is a monophonic path, V2 is a monophonic set of G. Hence V2∪{v1}
is a total monophonic set of G and no proper subset of V2∪{v1} is a total monophonic

set. Hence m+
t (G) ≥ s+ 1.

Suppose there exists a minimal total monophonic set S with |S| ≥ s+2. Since V1∪{wj}
and V2 ∪ {vi} are total monophonic sets, S does not contain a subset of the above

form. Hence S = A ∪ B where A is a proper subset V1 and B is a proper subset of

V2. Let v1 /∈ A and w1 /∈ B. If |A| = 1, then there does not exist a x-y monophonic

path P such that x, y ∈ S and w1 lies on P. Hence |A| ≥ 2. Similarly |B| ≥ 2. Choose

vi, vj ∈ A and wk, w` ∈ B. Then T = {vi, vj , wk, w`} is a total monophonic set of G

and hence S is not a minimal total monophonic set, which is a contradiction. Hence

m+
t (G) = s+ 1.

Theorem 4. Let a and b be two positive integers with 3 ≤ a ≤ b. Then there exists a
graph G with mt(G) = a and m+

t (G) = b.

Proof. If a = b, then G = K1,a−1 has the desired property. If a = 3, let G =

K2,b−1. Clearly mt(G) = 3 and it follows from Theorem 3 that m+
t (G) = b. Now

let a ≥ 4. Consider the bipartite graph K2,b−a+2 with bipartition V1 = {v1, v2} and

V2 = {w1, w2, . . . , wb−a+2}. Let G be the graph obtained from K2,b−a+2 by attaching

a−3 pendant vertices u1, u2, . . . , ua−3 at w1. It follows from Theorem 1 that any total

monophonic set contains the set S = {w1, u1, u2, . . . , ua−3}. Also S1 = S ∪ {v1, v2}
is a minimum total monophonic set of G and hence mt(G) = a. We now claim that

T = S ∪ {w2, w3, . . . , wb−a+2, v1} is a minimal total monophonic set of G. Suppose

there exists a proper subset T1 of T such that T1 is a total monophonic set. Since

S ⊆ T1, it follows that either v1 /∈ T1 or wi /∈ T1 for some i, 2 ≤ i ≤ b − a + 2. If

v1 /∈ T1, then G[T1] has isolated vertices. If wi /∈ T1, then there does not exist a

x− y monophonic path P such that x, y ∈ T1 and wi lies on P. Thus T1 is not a total

monophonic set which is a contradiction. Hence T is a minimal total monophonic set.

Since |T | = b and |V (G)| = b+ 1, it follows that m+
t (G) = b.

In the following theorem we prove the existence of a graph G with prescribed order,

monophonic diameter and upper total monophonic number.
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Theorem 5. Let n, d and k be positive integers such that n ≥ d + k − 2,
4 ≤ d ≤ n − 2 and 5 ≤ k < n. Then there exists a connected graph G of order n with
monophonic diameter d and m+

t (G) = k.

Proof. Let G be the graph obtained from the path Pd+1 = (v1, v2, . . . , vd+1)

by adding the vertices u1, u2, . . . , uk−3, w1, w2, . . . , wn−d−k+2 such that N(ui) =

{v1, v2, v3} and N(wj) = {v1, vd}. Clearly G is a graph of order n. Clearly Pd+1

is the longest monophonic path in G and hence the monophonic diameter of G

is d. Now any total monophonic set of G contains vd and vd+1. Also S =

{vd, vd+1, v2, u1, u2, . . . , uk−3} is a minimal total monophonic set of maximum car-

dinality. Hence m+
t (G) = k.

4. Conclusion and Scope

In this paper we have initiated a study of the upper total monophonic number of a

graph. The following problems arise naturally from our study.

Problem 6. Obtain a characterization of minimal total monophonic sets.

Problem 7. Determine the upper total monophonic number for other families of graphs.

Problem 8. Given four positive integers a, b, c and d with a ≤ b ≤ c ≤ d, under what
conditions there exists a graph G of order d with m(G) = a,mt(G) = b and m+

t (G) = c?

Acknowledgement

In this paper with five authors for each i with 1 ≤ i ≤ 4, the ith author is the research

guide of the (i+ 1)th author. We wish to express our gratitude to God Almighty for

His abundant blessings in realizing such a collaboration of authors of five consecutive

academic generations.

References

[1] H. Abdollahzadeh Ahangar and V. Samodivkin, The total geodetic number of a

graph, Util. Math. 100 (2016), 253–268.

[2] F. Buckley and F. Harary, Distance in Graphs, Addison-Wesley Redwood City,

1990.

[3] G. Chartrand, F. Harary, H.C. Swart, and P. Zhang, Geodomination in graphs,

Bulletin of the ICA 31 (2001), 51–59.



S. Arumugam, et al. 489

[4] G. Chartrand, F. Harary, and P. Zhang, On the geodetic number of a graph,

Networks 39 (2002), no. 1, 1–6.

[5] G. Chartrand, G.L. Johns, and P. Zhang, On the detour number and geodetic

number of a graph, Ars Combin. 72 (2004), 3–15.

[6] K. Ganesamoorthy, M. Murugan, and A.P. Santhakumaran, Extreme-support to-

tal monophonic graphs, Bull. Iran. Math. Soc. 47 (2021), no. 1, 159–170.

[7] , On the connected monophonic number of a graph, Int. J. Comput. Math.:

Computer Systems Theory 7 (2022), no. 2, 139–148.

[8] K. Ganesamoorthy, M. Murugan, A.P. Santhakumaran, and P. Titus, The total

monophonic number of a graph, (submitted).

[9] F. Harary, E. Loukakis, and C. Tsouros, The geodetic number of a graph, Math.

Comput. Modelling 17 (1993), no. 11, 89–95.

[10] Ganesamoorthy K. and S. Lakshmi Priya, Extreme outer connected monophonic

graphs, Commun. Comb. Optim. 7 (2022), no. 2, 211–226.

[11] L. Lesniak and G. Chartrand, Graphs & Digraphs, CRC, Boca Raton, 2016.

[12] R. Muntean and P. Zhang, On geodomination in graphs, Congr. Numer. 143

(2000), 161–174.

[13] V. Samodivkin, On the edge geodetic and edge geodetic domination numbers of a

graph, Commun. Comb. Optim. 5 (2020), no. 1, 41–54.

[14] A.P. Santhakumaran, P. Titus, and K. Ganesamoorthy, On the monophonic num-

ber of a graph, J. Appl. Math. & Informatics 32 (2014), no. 1 2, 255–266.

[15] A.P. Santhakumaran, P. Titus, K. Ganesamoorthy, and M. Murugan, The forcing

total monophonic number of a graph, Proyecciones 40 (2021), no. 2, 561–571.


	Introduction
	Total monophonic number of a graph
	Upper total monophonic number of a graph
	Conclusion and Scope
	Acknowledgement
	References

