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Abstract: A 2-rainbow dominating function on a graph G is a function g that assigns
to each vertex a set of colors chosen from the subsets of {1,2} so that for each vertex
with g(v) = 0 we have U, ¢ () 9(u) = {1,2}. The weight of a 2-rainbow dominating
function g is the value w(g) = >-,cv(g) |f(v)]. A 2-rainbow dominating function g is
an independent 2-rainbow dominating function if no pair of vertices assigned nonempty
sets are adjacent. The 2-rainbow domination number ~,2(G) (respectively, the inde-
pendent 2-rainbow domination number i,2(G)) is the minimum weight of a 2-rainbow
dominating function (respectively, independent 2-rainbow dominating function) on G.
We prove that for any tree T of order n > 3, with [ leaves and s support vertices,
ir2(T) < (14n + € + s)/20, thus improving the bound given in [Independent 2-rainbow
domination in trees, Asian-Eur. J. Math. 8 (2015) 1550035] under certain conditions.
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1. Introduction

In this paper, we continue the study of a variant of 2-rainbow dominating functions,
namely, independent 2-rainbow dominating function. We first present some necessary
definitions and notations. For notation and graph theory terminology not given here,
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262 Independent 2-rainbow domination

we follow [12]. We consider finite, undirected, and simple graphs G with vertex set
V =V/(G) and edge set E = E(G). The number of vertices of a graph G is called the
order of G and is denoted by n = n(G). The open neighborhood of a vertex v € V
is N(v) = Ng(v) = {u € V | uv € E}, and the degree of v, denoted by degs(v), is
the cardinality of its open neighborhood. A leaf of a tree T is a vertex of degree one,
while a support vertex of T is a vertex adjacent to a leaf. A strong support vertex is a
support vertex adjacent to at least two leaves, while weak support vertex is a support
vertex adjacent to precisely one leaf. In this paper, we denote the set of all support
vertices of T by S(T') and the set of leaves by L(T). We denote ¢(T') = |L(T')| and
s(T) =|S(T)|. We also denote by L(x) the set of leaves adjacent to a support vertex
x, and denote ¢, = |L(x)|. A star is the graph K; j, where k > 1. For a star with
k > 1 leaves, the central vertex is the unique vertex of degree greater than one. For
r,s > 1, the double star S(r, s) is the tree with exactly two vertices that are not leaves,
one of which has r leaf neighbors and the other s leaf neighbors. We denote a path
on n vertices by P,. A rooted tree T distinguishes one vertex r called the root. For
each vertex v # r of T, the parent of v is the neighbor of v on the unique (r, v)-path,
while a child of v is any other neighbor of v. The set of children of v is denoted by
C(v). A descendant of v is a vertex u # v such that the unique (r,u)-path contains
v, while an ancestor of v is a vertex u # v that belongs to the (r,v)-path in T. The
maximal subtree of T rooted at v is denoted by T;,. The distance d(u,v) between two
vertices u and v in a connected graph G is the length of a shortest (u,v)-path in G.
The maximum distance among all pairs of vertices of G is the diameter of GG, denoted
by diam(G).

A 2-rainbow dominating function (2RDF) of a graph G is a function g that assigns to
each vertex a set of colors chosen from the subsets of {1,2} so that for each vertex v
with g(v) = 0 we have |J,,c n(,) 9(v) = {1,2}. The weight of a 2-rainbow dominating
function g is the value w(g) = 3_,cy () [f(v)|. The 2-rainbow domination number
~r2(@G) is the minimum weight of a 2-rainbow dominating function on G. The concept
of 2-rainbow domination was introduced by Bresar, Henning, and Rall [7] and has been
studied by several authors (see for example [1-3, 8, 11, 13, 14]).

A 2-rainbow dominating function g is an independent 2-rainbow dominating function
(I2RDF) if no two vertices assigned nonempty sets are adjacent. The weight of a 2-
rainbow dominating function g is the value w(g) = >_,cy () |f(v)]. The independent
2-rainbow domination number iro(G) is the minimum weight of an independent 2-
rainbow dominating function on G. We refer to an independent 2-rainbow dominating
function on G of minimum weight as an i,o-function. The independent 2-rainbow
domination number was investigated in [4, 6, 9, 10].

Chellali et al. [10] posed the following problem: Find a sharp bound for i,2(T) in
terms of the order of a tree T. Amjadi et al. [5] answered the above problem and
proved the following bound for the independent 2-rainbow domination number of a
tree.

Theorem 1 (Amjadi et al. [5]). If T is a tree of order n > 3, then i,(T) < 2.
Furthermore, this bound is sharp.
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In this paper we present a new bound for the independent 2-rainbow domination
number of a tree of order n > 3 with [ leaves and s support vertices. Our bound
improves the bound given in Theorem 1 for trees when ¢ + s < n.

2. Main Result

Theorem 2. For any tree T of order n > 3, with | leaves and s support vertices,
ira(T) < (14n + £ + 5)/20.

Proof.  We use induction on the order n = n(T') of a tree T. According to [4] for
stars and double stars, the base step is correct for n < 4. Assume that for any tree T”
of order n’ < n, with ¢ leaves and s’ support vertices, i,2(7") < (14n’ + ¢’ 4+ s')/20.
Now consider the tree T' of order n > 5, with [ leaves and s support vertices. If T is a
star, then the function that assigns {1,2} to the central vertex and @) to every leaf of
the star is an I2RDF of T of weight 2, and so i,2(T) = 2 < (14n + £ + s)/20. Hence,
we may assume that diam(7") > 3. Suppose that diam(7T) = 3, and so T is a double
star T = S(r, k), where r > k > 1. Let u and v be the two vertices of T' that are not
leaves, where u has r leaf neighbors and v has k leaf neighbors. The function that
assigns {1,2} to u, {1} to the leaf neighbors of v, and ) to the remaining vertices of
T is a an I2RDF of T of weight 2 + k, and so i,2(T) < 2+ k < (14n + ¢+ s)/20.
Hence, we may assume that diam(T") > 4, for otherwise the desired result follows.
We root T' at a leaf xg of a diametrical path xzgxy...x4 from xq to a leaf x4 farthest
from x( such that deg(x4—1) = max{deg(u) : d(xg,u) = d—1}. The remainder of the
proof proceeds by establishing eight claims and then deducing from those claims that
the statement of the theorem is true.

Claim 1. If u and v are two strong support vertices of T such that N (u)N(V(T)—L(T)) =
{v}, then i, (T) < (14n + £ + s)/20.

Proof of Claim 1. Let v’ be a leaf neighbor of u and v" be a leaf neighbor of v. Let
T =T —{u,v'}. Then n(T")=n'"=n—-2,T") =0 =(—2and s(T") =5 = s.
Among all i,.o-functions on T”, let f’ be chosen so that the weight assigned to leaves
is as small as possible. We first assume that f'(u) = 0. If f/(v) = (), then deg(u) > 3.
Then re-assigning {1,2} to u and () to all leaf neighbors of u produces a new I2RDF
g’ of T' such that w(g’') < w(f’) and the sum of the values assigned to all leaves under
g’ is less than the sum of the values assigned to all leaves under f’, a contradiction.
Hence we may assume that f'(v) # . Since, v is a support vertex, we can assume
that f’(v) = {1,2}. Then we can extend f’ to a I2RDF f of T by assigning () to v’
and {1} to v/, and so by the inductive hypothesis,

iro(T) < ipa(T') +1 < (14(n —2) + (£ —2) +5)/20 + 1 < (14n + £ + s5)/20.
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Next assume that f/(u) # (. Since u is a support vertex, we have f'(u) = {1,2}.
Also, f'(v) =0, since f’ is a iqo-function. Then we can extend f’ to a I2RDF f of T
by assigning () to v’ and {1} to v’. As above, we get that

ir2(T) <idpa(T')+1< (14n + £+ 5)/20. &

If deg(x4—1) > 3, then by Claim 1, we may assume that z4_» is not a strong support
vertex, for otherwise the desired result follows.

Claim 2. If u is a strong support vertex of T' such that N(u) N (V(T) — L(T)) = {v}
and there exists at least one weak support vertex of degree two in N(v), then i.2(T) <
(14n + €+ s)/20.

Proof of Claim 2. Let u' be the leaf neighbor of u and z be the weak support
vertex adjacent to v with leaf neighbor y. Let T/ =T — {u/,z,y}. Then n’ =n — 3,
¢/ =¢—2and s’ =s—1. Among all i,o-functions on 1", let f’ be chosen so that the
weight assigned to leaves is as small as possible.

First assume that f'(u) = 0. If f'(v) = 0, then deg(u) > 3, and we can extend f’ to a
I2RDF f of T by re-assigning {1,2} to v and z, and ) to v/, y and all leaf neighbors
of  in T". Thus

iro(T) <ipa(T') +2 < (14(n —3) + (1 —2) + (s —1))/20 + 2 < (14n + 1 + 5)/20.

Now assume that f’(v) # 0. Without loss of generality, we can assume that 2 € f(v).
Then we can extend f' to a I2RDF f of T by assigning @) to z and {1} to y,u’, and
S0

ira(T) < ipo(T') + 2 < (14n + £ + ) /20.

Next assume that f/(u) # 0. Since u is a support vertex in tree T', we have f/(u) =
{1,2}. Also, f'(v) =0, since f’ is a i,o-function. Then we can extend f’ to a I2RDF
f of T by assigning 0 to y,u' and {1,2} to . As above,

ira(T) <ipa(T') +2 < (14n + £+ 5)/20. &

If deg(x4—1) > 3, then by Claim 2, we may assume that there is no weak support
vertex of degree two as a child of vertex x4_s, for otherwise the desired result follows.

Claim 3. If deg(zq—1) > 3, then i,2(T) < (14n + £ + s)/20.

Proof of Claim 3. By Claim 1, we may assume that z4_o is not a strong support
vertex and by Claim 2 every child support vertex of z4_o in tree T has degree at
least three. Let r be the number of children of x4_5 that are leaves, and let k be the
number of children support vertex of z4_5. Claim 1, implies that r < 1. Further,
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since x4—1 has degree at least three, we note that k > 1. Let 7/ =T — T, ,. Then
==Y N () — (L(T)Ufza s d8(W) =T =1 <n—=3k—r—1,s <s—k—r+1
and ¢/ < ¢ —2k—r+1. Assume that f’ is an i,o-function of 7”. Then we can extend
f' to a I2RDF f of T by assigning {1,2} to all child support vertices of x4_2, {1}
to leaf neighbors of z4_5 in T”, if any, and @) to the remaining vertices in tree T, ,.
Hence,

iro(T') + 2k + 1

(14n' + 0"+ §') /20 + 2k +r
—(4n—3k—r—1)+(—2k—r+1)+(s—k—r+1))/20+ 2%+
< (14n+€+5s)/20. 4

By Claim 3, we may assume that deg(z4_1) = 2, for otherwise the desired result
follows.

Claim 4. If deg(zq4—2) = 2 and deg(zq—3) > 3, then ir2(T) < (14n + 1+ s)/20.

Proof of Claim 4. Let 7" =T — {z4,24-1,Z4—2}. Thenn’ =n—3, ¢ =¢—1 and
s’ = s—1. Assume that f’ is a i,o-function. Then we can extend f’ to a I2RDF f of
T by assigning {1,2} to x4_1 and @ to x4 and z4_>. Hence,

irg(T) 7, (T)—i—?

(14n" + 1"+ §")/20 + 2
=4(n—3)+ (L —1)+(s—1))/20+2
<(

14n +1+5)/20. 4

<
<

Claim 5. If deg(zq—2) = 2 and deg(zq—3) = 2, then ir2(T) < (14n + £+ s)/20.

Proof of Claim 5. Let 7" =T — {xg,24—1}. Thenn’ =n —2, ¢ = ¢ and s’ = s.
Assume that f’ is an i.o-function. We first assume that f/'(z4_2) # 0. Without loss
of generality, we assume that 2 € f/(z4—2). Then we can extend f’ to a I2RDF f of
T by assigning {1} to x4 and @) to x4_1, and so we deduce that

iro(T') +1

(14n" + 1"+ ") /20 + 2
=(14(n—2)+¢+s)/20+1
< (14n+ € + 5)/20.

ir2 (T) S
<

Next assume that f'(zq_2) = 0. Then f'(z4_3) = {1,2}. If for every vertex u €
N(x4—4) other than z4_3, f'(u) = 0, then re-assigning {1} to x4—4 and {2} to z4_o the
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set, produces a new I2RDF ¢’ of T” such that ¢'(z4—2) # 0 and so as before the desired
result follows. Thus we may assume that there exists a vertex w € N(z4—4) — {xa—3}
such that f/(w) # 0. Without loss of generality, we may assume that 2 € f/(w). Then
we can extend f’ to a I2RDF f of T by re-assigning {1} to 24_3, {1,2} to 241, and
0 to z4. Hence,

(T +1

(14n” +1" + ') /20 + 2
=14n—-2)+L+s)/20+1
< (14n+£+s)/20. &

ir2 (T) S
<

By Claims 4 and 5, we can assume that deg(xzq—2) > 3, for otherwise the desired
result follows.

Claim 6. If deg(zq—3) = 2, then ir2(T) < (14n + £+ s)/20.

Proof of Claim 6. Let 7/ =T — T,, ,. Then we can assume that every children
of r4_o is a leaf or a weak support vertex. Let r be the number of children of
xq_o of degree 2 and k be the number of leaf neighbors of x4_5. Then r + k > 2,
n=n—-2r—k—-20<{l—r—k+lands <s—r—k +1, where K =1if k#0
and k' = 0 otherwise. Assume that f’ is a 4,2(7”)-function. Then we can extend f’
to a I2RDF f of T by assigning {1,2} to z4_2, 0 to every vertex in N(z4_2) and {1}

to the remaining vertices of T'. Hence,

ir2(T) + 1 +2

(14n" + 0 +§') /20 +7r + 2
=M4n—2r—k-2)+(l—r—k+1)+(s—r—k +1))/20+7+2
< (l4n+10+5)/20. 4

i7'2 (T) S
<

By Claim 6, we can assume that deg(xg4—3) > 3, for otherwise the desired result
follows.

Claim 7. If z4_3 is a strong support vertex, then i.2(T) < (14n + 1 + s)/20.

Proof of Claim 7. Let u € L(z4-3) and T" =T — {x4,x4-1,u}. Then, n’ =n — 3,
0 =¢—2and s’ =s—1. Among all i,o(T")-functions, let f’ be chosen so that the
weight assigned to leaves is as small as possible. We first assume that f/(z4—2) # 0.
Without loss of generality, we assume that 2 € f/(x4_2). Then we can extend f’ to a
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I2RDF f of T by assigning {1} to x4 and u and assigning ) to z4_1.So,

iTQ(T) Z (T)+2

(14n' + 0" + ") /20 + 2
(14(n=3)+(t—2)+(s—1))/20+2
<1

dn +( + s)/20.

<
<

Next assume that f/(z4_2) = 0. We know that every child of z4_o in tree T” is a leaf
or a weak support vertex of degree two. Let r be the number of leaf neighbors of x4_s.
Since f'(xq—2) = 0, for every leaf v € L(x4_2) we have |f'(v)| > 1 and for every child
support vertex z with leaf neighbors 2z’ we have |f/(2)| + | f'(2’)| > 2. Assume that
f(x4—3) = 0. If r # 0. Then the function f defined by f(z4—2) = {1,2}, f(w) = 0 for
w € N(zg—2), f(w) = {2} if wis aleafin T,, , at distance 2 from x4_o, f(u) = {1}
and ¢'(w) = f'(w) otherwise, is a I2RDF for T with w(f) < w(f’)+2. Also, if r =0,
then the function f defined by f(x4—2) = {1}, f(w) =0 for w € N(z4-2), f(w) = {2}
ifwisaleafin T,, , at distance 2 from z4_o, f(u) = {1} and ¢'(w) = f'(w) otherwise,
is a I2RDF for tree T with w(f) < w(f’) + 2. Hence,

ir2(T) < ipo(T) + 2
(14n' + €' + ") /20 + 2
(14(n=3) + (£ =2)+ (s —1))/20 +2
< (14n + £ + 5)/20.

<
<

Thus we may assume that f’(z4_3) # (). Since x4_3 is a support vertex in the tree
T’, we can assume that f(x4_3) = {1,2}. Then we can extend f’ to a I2RDF f of T
by assigning {1,2} to z4_1 and assigning ( to {u,zs}. Hence,

ira(T") + 2

(14n' + €' + ") /20 + 2

(14(n = 3) + (£ = 2) + (s — 1))/20 + 2
< (4n+€+5)/20. 4

ir2 (T) S
<

By Claim 7, we can assume that x4_3 is not a strong support vertex.

Claim 8. If z4_3 has a child which is a weak support vertex of degree two, then i,2(T) <
(14n + €+ s)/20.

Proof of Claim 8. Assume that x4 3 has a child u that is a weak support vertex
of degree two. Let L(u) = {v} and TV = T — {z4,24-1,u,v}. Then n’ = n — 4,
¢ =/¢—2and s =s—2. Among all i,o(7T")-functions, let f’ be chosen so that the
weight assigned to leaves is as small as possible. We first assume that f'(z4—2) # 0.
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Without loss of generality, we assume that 2 € f/(z4_2). Then we can extend f’ to a
I2RDF f of T by assigning {1} to x4, {1,2} to v and 0 to z4—; and v. So

ira(T) < ipa(T) +3

(14n" +1'+5)/20 4+ 3

(14(n —4) + (£ =2) + (s = 2))/20 + 3
(1

dn +( + s)/20.

IN I/\

Next assume that f'(z4_2) = 0. If f/(z4—3) # 0, then we may assume that 2 €
f'(x4—3). Then we can extend f’ to a I2RDF f of T by assigning {1} to v, {1,2} to
z4—1 and 0 to x4 and w. Then

i’(‘Q(T) 'L (T)+3

(14n’ +1' +8")/20 + 3

(14(n — 4) + (£ — 2) + (s — 2))/20 + 3
(1

dn +( + s)/20.

A \/\

Now assume that f'(z4—3) = 0. Let r = £,, ,. Since f'(xq—2) = 0, for every leaf
v € L(x4—2), |f'(v)] = 1, and for every child support vertex z with leaf neighbors
251 (2)] + |f/(Z')] = 2. If r # 0, then the function f defined by f(x4—2) = {1,2},
fw) =0 for w € N(zq—2), f(w) = {2} if w is a leaf in T, , at distance 2 from
Ta—2, f(u) = {1,2}, f(v) =0 and ¢'(w) = f'(w) otherwise, is a I2RDF for T with
w(f) < w(f’) + 3. Also, if » = 0, then the function f defined by f(zq—2) = {1},
f(w) =0 for w € N(z4—2), f(w) = {2} if wis a leaf in T, , at distance 2 from
Ta—2, f(u) = {1,2}, f(v) =0 and ¢'(w) = f'(w) otherwise, is a I2RDF for T with
w(f) <w(f’)+ 3. Hence,
ir2(T) <ipa(T") +3

(14n" +1'+5")/20+ 3

(14(n —4) + (£ =2) + (s —2))/20 + 2
(14n+ £+ 5)/20. 4

IN I/\

Thus we may assume that x4_3 has no weak support vertex of degree two as a child.
Let R be the set of all support vertices u € N(zq4—3) NV (Ty, ,) such that N(u) —
(L(T) U {was}) # 0, Ro = L(R), K = (S(T) N V(T,.,)) — N(za—s), Ko = L(K),
P be the set of all strong support vertices u € N(z4—3) NV (Ty,_,) such that N(u) —
(L(T) U{xq-3}) =0, Py = L(P) and B =V (Ty, ,)— (S(Ts, ;) UL(Ty, ,)). Also,
let |R| =7, |Ro| = ro, |K| =k, |Ko| = ko, |P| = p, |Po| = po and |B| = b. Tt is easy
to see that rg > r, k = ko, po > 2p and k > r + 2b.

We first assume that z4_3 is a support vertex and so as before, ¢,, ., = 1. Let
T =T-T, Thenn' =n—r—rg—k—ko—p—po—2,¢ <l —1ry— ko — po,

Td—3"
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s < s—r—k—p. Among all i.o(T")-functions, let f' be chosen so that the weight
assigned to leaves is as small as possible. Then we can extend f’ to a I2RDF f of T
by assigning {1,2} to vertices of RU P, ) to vertices of RgU PyU{xzs}, {2} to vertices
of B, {1} to the vertices of L(z4—3) U Ky and @ to the remaining vertices of Ty, ,
Hence

iro(T) < ipa(T') +2r +2p+ b+ ko + 1
<(U4n +1 +8)/20+2r + 2p+ b+ ko + 1

=4n—r—ro—k—ko—p—po—b—2)
(b—rg—ko—po)+(s—r—k—p))/20+2r+2p+b+ko+1
(14n + € + 5)/20 + (257 — 1579 — 15k + 15ko + 25p — 15p + 6b — 8)/20
(14n+ £+ s)/20 + (10r — 10k — 5pg + 6b — 8)/20

(14n + €+ 5)/20 + (—14b — 5pg — 8)/20
< (14n + £+ s)/20.

ININ N+

Next assume that z4_5 is not a support vertex. Let 77 = T — T, .. Then n’ =

n—r—rg—k—kg—p—po—1,0 <l—rg—kyg—pyo+1,s <s—r—k—p+1
Among all 4,o(T")-functions, let f’ be chosen so that the weight assigned to leaves is
as small as possible. Then we can extend f’ to a I2RDF f of T by assigning {1,2}
to the vertices of RU P, 0 to the vertices of Ry U Py U {x4_3}, {2} to the vertices set
B, {1} to the vertices of K and ) to the remaining vertices of T, ,. Hence

ir2(T) < ipo(T") + 21 + 2p + b + ko
< (14n' +1" +8)/20+2r +2p+ b+ ko
=(4n—r—ro—k—ko—p—po—b—1)+({ —7r9—ko —po+1)

s—r—k—p+1))/20+2r+2p+b+ko
(14n + £ + ) /20 + (257 — 1570 — 15k + 5ko + 25p — 15pg + 6b — 12)/20
(14n + £ + ) /20 + (10r — 10k — 5po + 6b — 12)/20

(14n + £ + ) /20 + (—14b — 5po — 12)/20
< (14n+ £+ s)/20.

ININ N+

O
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