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Abstract: Let G be a simple connected graph with n vertices. The Kirchhoff index

of G is defined as Kf (G) = n
∑n−1
i=1

1
µi

, where µ1 ≥ µ2 ≥ · · · ≥ µn−1 > µn = 0 are the

Laplacian eigenvalues of G. Some bounds on Kf (G) in terms of graph parameters such

as the number of vertices, the number of edges, first Zagreb index, forgotten topological
index, etc., are presented. These bounds improve some previously known bounds in

the literature.
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1. Introduction

Let G = (V,E), V = {v1, v2, . . . , vn}, be a simple connected graph with n vertices and

m edges. The degree of the vertex vi of G will be denoted by di, where i = 1, 2, . . . , n.

Denote by A (G) and D (G) the adjacency matrix and the diagonal degree matrix of

G, respectively. The matrix L (G) = D (G) − A (G) is the Laplacian matrix of G

with the eigenvalues µ1 ≥ µ2 ≥ · · · ≥ µn−1 > µn = 0 [7]. The eigenvalues of L (G)

represent the Laplacian eigenvalues of G. Some well known properties for Laplacian

eigenvalues are [12, 30]

n−1∑
i=1

µi =

n∑
i=1

di = 2m,

n−1∑
i=1

µ2
i =

n∑
i=1

d2i +

n∑
i=1

di = M1 (G) + 2m, (1)
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and
n−1∑
i=1

µ3
i =

n∑
i=1

d3i + 3

n∑
i=1

d2i − 6T = F (G) + 3M1 (G)− 6T (2)

where M1 (G) is the first Zagreb index [9], F (G) is the forgotten topological index [6]

and T is the number of triangles of G. Also, by the matrix-tree theorem from [19]

n−1∏
i=1

µi = nt

where t is the number of spanning trees of G.

The Kirchhoff index of a connected graph G was defined as [10]

Kf (G) =
∑
i<j

rij

where rij is the effective resistance distance between the vertices vi and vj of G.

Independently, in [8] and [28], it was shown that the Kirchhoff index can be also

expressed in terms of Laplacian eigenvalues as:

Kf (G) = n

n−1∑
i=1

1

µi
. (3)

After this, the Kirchhoff index has attracted great attention in spectral/chemical

graph theory. For more details, see [1, 4, 5, 13–17, 20, 21, 25–27, 29].

In this paper, we obtain some bounds on Kirchhoff index in terms of graph parameters

such as the number of vertices, the number of edges, first Zagreb index, forgotten

topological index, etc. Our bounds improve some results obtained in [4, 14].

2. Lemmas

In this section, we recall some known results over spectral graph theory and analytical

inequalities that will be needed in the subsequent section.

Lemma 1. [11] Let G be a connected graph of order n. Then, µ1 ≤ n with equality
holding if and only if Gc is disconnected, where Gc is the complement of G.

Lemma 2. [3] Let G be a connected graph with n vertices. Then µ1 = µ2 = · · · = µn−1

if and only if G ∼= Kn.

Lemma 3. [3] Let G be a connected graph of order n. Then µ2 = µ3 = · · · = µn−1 if and
only if G ∼= Kn or G ∼= K1,n−1 or G ∼= Kn

2
,n
2
.
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Lemma 4. [18, 22] Let p1, p2, . . . , pn be non-negative real numbers such that
n∑
i=1

pi = 1.

Further, let a1, a2, . . . , an be real numbers for which there exist real constants r and R so
that for each i,i = 1, 2, . . . , n, the inequalities 0 < r ≤ ai ≤ R < +∞ hold. Then

n∑
i=1

piai + rR

n∑
i=1

pi
ai
≤ r +R.

The equality holds if and only if a1 = a2 = · · · = ak = R and ak+1 = ak+2 = · · · = an = r
for some k, 1 ≤ k ≤ n.

Let x1, x2, . . . , xr be positive real numbers. Denote by Sk the average of all products

of k of the xi’s, i.e.,

S1 =
x1+x2 + . . .+ xr

r

S2 =
x1x2 + x1x3 + · · ·+ x1xr + x2x3 + · · ·+ xr−1xr

1
2r (r − 1)

...

Sr−1 =
x1x2 . . . xr−1 + x1x2 . . . xr−2xr + · · ·+ x2x3 . . . xr−1xr

r
Sr = x1x2 . . . xr.

Notice that S1 is the arithmetic mean and S
1/r
r is the geometric mean of the positive

real numbers x1, x2, . . . , xr [4].

Lemma 5. (Maclaurin’s symmetric mean inequality)[2] For positive real numbers
x1, x2, . . . , xr,

S1 ≥ S1/2
2 ≥ S1/3

3 ≥ · · · ≥ S1/r
r .

The equality holds if and only if x1 = x2 = · · · = xr.

Lemma 6. (Newton’s inequality) [24] Let x1, x2, . . . , xr be positive real numbers and let
Sk, k = 1, 2, . . . , r, be given as in Lemma 5. Then

Sk−1Sk+1 ≤ S2
k

where k = 1, 2, . . . , r−1 and S0 = 1. Moreover, the equality holds if and only if x1 = · · · = xr.

Lemma 5 is corollary of Lemma 6.
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3. Main Results

Theorem 1. Let G be a connected graph with n ≥ 3 vertices. Then for any real α such
that µ1 ≤ α ≤ n,

Kf (G) ≤ n

α
+ n

(µ2 + µn−1) (n− 2)− (2m− α)

µ2µn−1
. (4)

If α = n, the equality holds if and only if G ∼= Kn or G ∼= K1,n−1.

Proof. Taking pi = 1
n−2 , ai = µi for i = 2, 3, . . . , n − 1, R = µ2 and r = µn−1 in

Lemma 4 and considering Eq. (1), we obtain

n−1∑
i=1

1

µi
≤ 1

µ1
+

(µ2 + µn−1) (n− 2)

µ2µn−1
− 2m− µ1

µ2µn−1
, (5)

(see, [14, Theorem 3.7]).

Let us consider the function f (x) defined as

f (x) =
1

x
− 2m− x
µ2µn−1

.

It is easy to see that f is increasing with respect to the x. Then for any real α,

µ1 ≤ α ≤ n,

f (µ1) ≤ f (α) =
1

α
− 2m− α
µ2µn−1

.

From the above and Eqs. (3) and (5), we obtain that

Kf (G) ≤ n

α
+ n

(µ2 + µn−1) (n− 2)− (2m− α)

µ2µn−1
.

Hence the upper bound (4) holds. The equality in (4) holds if and only if

µ1 = α and µ2 = µ3 = · · · = µn−1.

If α = n, by Lemmas 1 and 3, one can readily see that the equality in (4) holds if and

only if G ∼= Kn or G ∼= K1,n−1.

By Theorem 1 and Lemma 1, we have the following upper bound on Kf(G).

Corollary 1. Let G be a connected graph with n ≥ 3 vertices. Then

Kf (G) ≤ 1 + n
(µ2 + µn−1) (n− 2)− (2m− n)

µ2µn−1
. (6)

The equality holds if and only if G ∼= Kn or G ∼= K1,n−1.
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Remark 1. Since ∆ ≤ n− 1, we have

Kf (G) ≤ 1 + n
(µ2 + µn−1) (n− 2)− (2m− n)

µ2µn−1

≤ n

1 + ∆
+ n

(µ2 + µn−1) (n− 2)− (2m− n)

µ2µn−1
.

This implies that the upper bound (6) is stronger than upper bound in [14, Theorem 3.7].

Remark 2. In [14], it was pointed out that the upper bound in [14, Theorem 3.7] is
stronger than the upper bound in [14, Corollary 3.4]. Therefore, by Remark 1, the upper
bound (6) is also stronger than the upper bound in [14, Corollary 3.4].

Remark 3. For a graph G of order n, in [23] Rojo et al. obtained the following nontrivial
upper bound for the largest Laplacian eigenvalue

µ1 ≤ max
{
di + dj − |Ni ∩Nj | : 1 ≤ i < j ≤ n

}
where |Ni ∩Nj | is the number of common neighbours of the vertices vi and vj of G.
We should note that it is possible to improve the upper bound (6) applying α =
max

{
di + dj − |Ni ∩Nj | : 1 ≤ i ≤ j ≤ n

}
in Theorem 1.

Theorem 2. Let G be a connected graph with n vertices, m edges and the number of
spanning trees t. Then

Kf (G) ≤ (n− 1)

t

[
2F (G)− 6 (m− 1)M1 (G) + 4m2 (2m− 3)− 12T

(n− 1) (n− 2) (n− 3)

](n−2)/3

. (7)

The equality holds if and only if G ∼= Kn.

Proof. Substituting r = n− 1 and xi = µi, i = 1, 2, . . . , n− 1 in Lemma 5, we have

S
1/3
3 ≥ S1/(n−2)

n−2 .

Observe that

S3 =

6
∑

i<j<k

µiµjµk

(n− 1) (n− 2) (n− 3)

=
2
∑n−1

i=1 µ
3
i +

(∑n−1
i=1 µi

)3
− 3

∑n−1
i=1 µi

∑n−1
i=1 µ

2
i

(n− 1) (n− 2) (n− 3)

=
2
(
F (G) + 3M1 (G)− 6T

)
+ 8m3 − 6m

(
M1 (G) + 2m

)
(n− 1) (n− 2) (n− 3)

, by Eqs. (1) and (2)

=
2F (G)− 6 (m− 1)M1 (G) + 4m2 (2m− 3)− 12T

(n− 1) (n− 2) (n− 3)
.
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In [4, Theorem 1], it was obtained that

Sn−2 =

∏n−1
i=1 µi

n− 1
.

n−1∑
i=1

1

µi
=

nt

n− 1
.
Kf (G)

n
=

t

n− 1
Kf (G) .

Then, from the above results we arrive at

t

(n− 1)
Kf (G) ≤

[
2F (G)− 6 (m− 1)M1 (G) + 4m2 (2m− 3)− 12T

(n− 1) (n− 2) (n− 3)

](n−2)/3

,

wherefrom the upper bound (7) follows. According to Lemma 5, the equality holds

in (7) if and only if

µ1 = µ2 = · · · = µn−1.

Then, by Lemma 2, we conclude that G ∼= Kn.

Remark 4. For a connected graph G with n vertices and m edges, in [4, Theorem 1], it
was proven that

Kf (G) ≤ (n− 1)

t

[
4m2 −M1 (G)− 2m

(n− 1) (n− 2)

](n−2)/2

, (8)

with equality holding if and only if G ∼= Kn. Since S
1/2
2 ≥ S

1/3
3 , the upper bound (7) is

stronger than the upper bound (8).

Theorem 3. Let G be a connected graph with n vertices and m edges. Then

Kf (G) ≥
n (n− 1) (n− 3)

(
4m2 −M1 (G)− 2m

)
2F (G)− 6 (m− 1)M1 (G) + 4m2 (2m− 3)− 12T

. (9)

The equality holds if and only if G ∼= Kn.

Proof. From Newton’s inequality given in Lemma 6, it was observed that [4]

S1

S2
≤ S2

S3
≤ · · · ≤ Sr−1

Sr
.

By the above result, we have

S2Sr ≤ Sr−1S3, r ≥ 3. (10)

Let us take r = n− 1 and xi = µi, i = 1, 2, . . . , n− 1 in Eq. (10). In [4, Theorem 3]

it was obtained that

S2 =
4m2 −M1 (G)− 2m

(n− 1) (n− 2)
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Sn−2 =
t

n− 1
Kf (G)

and

Sn−1 =

n−1∏
i=1

µi = nt.

Recall from Theorem 2 that

S3 =
2F (G) − 6 (m− 1)M1 (G) + 4m2 (2m− 3) − 12T

(n− 1) (n− 2) (n− 3)
.

Considering these results with Eq. (10), we get that

4m2 −M1 (G) − 2m

(n− 1) (n− 2)
nt ≤

2F (G) − 6 (m− 1)M1 (G) + 4m2 (2m− 3) − 12T

(n− 1) (n− 2) (n− 3)

t

n− 1
Kf (G)

i.e.,

Kf (G) ≥
n (n− 1) (n− 3)

(
4m2 −M1 (G) − 2m

)
2F (G) − 6 (m− 1)M1 (G) + 4m2 (2m− 3) − 12T

which is the lower bound (9). From Lemma 6, the equality holds in (9) if and only if

µ1 = µ2 = · · · = µn−1.

Thus, in view of Lemma 2, we get that G ∼= Kn.

Remark 5. For a connected graph G with n vertices and m edges, in [4, Theorem 3], Das
established the following lower bound for Kirchhoff index

Kf (G) ≥ 2mn (n− 1) (n− 2)

4m2 −M1 (G)− 2m
(11)

where the equality holds if and only if G ∼= Kn. Since S1
S2
≤ S2

S3
, it is easy to conclude that

the lower bound (9) is stronger than the lower bound (11).
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[18] D.S. Mitrinović and P.M. Vasić, Analytic inequalities, Springer, Berlin, 1970.

[19] B. Mohar, The Laplacian spectrum of graphs, Graph Theory, Combinatorics, and

Applications (G. Alavi, O.R. Chartrand, and A.J.S. Oellermann, eds.), Wiley,

New York, 1991, pp. 871–898.

[20] J.L. Palacios, Some additional bounds for the Kirchhoff index, MATCH Commun.

Math. Comput. Chem. 75 (2016), no. 2, 365–372.

[21] S. Pirzada, H.A. Ganie, and I. Gutman, On Laplacian-energy-like invariant and

Kirchhoff index, MATCH Commun. Math. Comput. Chem. 73 (2015), no. 1,

41–59.

[22] B.C. Rennie, On a class of inequalities, J. Austral. Math. Soc. 3 (1963), no. 4,
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