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Abstract: The Gallai graph and the anti-Gallai graph of a graph G are edge disjoint
spanning subgraphs of the line graph L(G). The vertices in the Gallai graph are
adjacent if two of the end vertices of the corresponding edges in G coincide and the other
two end vertices are nonadjacent in G. The anti-Gallai graph of G is the complement
of its Gallai graph in L(G). Attributed to Gallai (1967), the study of these graphs got
prominence with the work of Sun (1991) and Le (1996). This is a survey of the studies
conducted so far on Gallai and anti-Gallai of graphs and their associated properties.
Keywords: Line graphs, Gallai graphs, anti-Gallai graphs, irreducibility, cograph,
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1.

Introduction

All the graphs under consideration are simple and undirected, but are not necessarily
finite. The vertex set and the edge set of the graph G are denoted by V (G) and
E(G) respectively. If H is a subgraph of G with V (H) = V (G), then H is a spanning
subgraph of G [21]. If H contains all the edges of G with end vertices in V (H), the
H is an induced subgraph of G; [7] we say that V (H) induces or spans H in G. The
line graph L(G) of G is the graph on E in which x, y ∈ E are adjacent as vertices
if and only if they are adjacent as edges in G [7, 11]. The Gallai graph Γ(G), of a
∗
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graph G is a spanning subgraph of L(G) in which two vertices are adjacent if the
corresponding edges in G are adjacent and do not span a triangle in G [17]. The
anti-Gallai graph ∆(G), of a graph G is a spanning subgraph of L(G) in which two
vertices are adjacent if the corresponding edges in G are adjacent and spans a triangle
in G [21]. The basic properties of Gallai graphs that follow from the definition are;
for any induced subgraph H of G, the Gallai graph of H is an induced subgraph of
the Gallai graph of G and the Gallai graph of G ∗ K1 is isomorphic to the union
of Gallai graph of G and its complement [20]. Although several authors have been
finding many interesting results on Gallai and anti-Gallai graphs after the motivating
work of Van Bang Le [21] in 1996, this construction was first used by Gallai [9] and
then by Sun [30] in their investigations.
The smallest integer k such that G has a k-vertex coloring, is called the chromatic
number of G and is denoted by χ(G). A graph G with χ(G) = k is called k-chromatic;
if χ(G) ≤ k [7]. The greatest integer r such that Kr ⊆ G is the clique number ω(G) of
G, and the greatest integer r such that Kr ⊆ G (induced) is the independence number
[13] α(G) of G. Clearly, α(G) = ω(Ḡ) and ω(G) = α(Ḡ) [7].
The Gallai graph, Γ(G) and the anti-Gallai graph, ∆(G) are edge disjoint subgraphs
with Γ(G) ∪ ∆(G) = L(G). Though the line graph L(G) has forbidden sub graph
characterization, none of the Gallai graphs or the anti-Gallai graphs has the vertex
hereditary property. Hence, they cannot be characterized using forbidden subgraphs
[21]. For a graph G, if some of its iterated Gallai graphs finally becomes the empty
graph, the graph is said to be Gallai-mortal and the characterizations of these graphs
are discussed in [20].
It is known that K1,3 and K3 are the only pair of non-isomorphic graphs having the
same line graph. In [17], it is proved that there exists infinitely many pairs of nonisomorphic graphs of the same order having isomorphic Gallai and anti-Gallai graphs.
Also, the existence of a finite family of forbidden subgraphs for the Gallai graphs and
anti-Gallai graphs to be P4 -free and the characterization based on distance parameters
are discussed in [17]. The theory of simplicial complexes are extensively studied for
its wide range of applications namely in pattern generation and network analysis.
Considerable amount of work on charaterizations of Gallai simplicial complexes and
that of anti-Gallai simplicial complexes are discussed in [2] and [3]. The triangular
line graph remarkably exhibits a similar behaviour as that of an anti-Gallai graph,
which is also obtained by adding a restriction to the line graph. Hence, its results
can also be inspected for further studies. The papers [5], [4] and [8] can be referred
for the properties of triangular line graph and for another interesting area of study
called triadic closure, one may refer to [14, 15].
It is observed that many meaningful results have been proved on some of the major
parameters like chromatic number, clique number, radius and diameter of the graph
with its Gallai and anti-Gallai graphs. However, no much extensive work has been
done on other parameters like connectivity, covering, domination, etc. In this work
the results are named as theorems, lemmas, propositions etc. as they were originally
named by the respective authors.
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Chromatic number and clique number

The problems of determining the clique number, and the chromatic number of a Gallai
graph and anti-Gallai graph are NP-complete. However, a formula for the parameters
ω(∆(G)), χ(∆(G)), ω(Γ(G)) and χ(Γ(G)) in terms of that of G is determined. Some
of the major results are presented now.
Theorem 1 ([17]). Given two positive integers a, b, where a > 1, there exists a graph
G such that χ(G) = a and χ(Γ(G)) = b .
Lemma 1 ([17]). The anti-Gallai graph of a graph G cannot be bipartite except for the
triangle free graphs.

Theorem 2 ([17]). Given two positive integers a, b, where b < a, b 6= 2, there exists a
graph G such that χ(G) = a and χ(∆(G)) = b. Further, for any odd number a, there exists
a graph G such that χ(G) = χ(∆(G)) = a.
Proposition 1 ([21]). For every graph G with finite chromatic number, χ(∆(G)) ≤
χ(G). Moreover, if χ(G) is even, then χ(∆(G)) ≤ χ(G) - 1.
Proposition 2 ([21]). The following statements are equivalent.
(i) For all planar graphs G, χ(G) ≤ 4 (the Four Colour Theorem).
(ii) For all planar graphs G, χ(∆(G)) = ω(∆(G)) .
Proposition 3 ([21]). For a graph G whose complement Ḡ has finite chromatic number,
χ(Γ(G)) ≤ χ(Ḡ).

Proposition 4. For every graph G with ω(G) ≥ 1,
(
ω(∆(G)) =

Proposition 5.

ω(G) − 1
3

if ω(G) 6= 3,
if ω(G) = 3.

For a graph G whose complement Ḡ has finite chromatic number,

χ(Γ(G)) ≤ χ(Ḡ).

Let ∆o (G) denote G and for every integer t > 1, ∆t (G) denote ∆(∆t−1 (G)), the
iterated anti-Gallai graphs.
Corollary 1. For every graph G with finite clique number, ∆ω(G)−1 has no edges or is
the union of vertex-disjoint triangles.
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3.
3.1.

Partial characterizations
Perfect graphs

The term “perfect graph” was introduced by Claude Berge in 1963. Berge proposed
to call a graph perfect if, for each of its induced subgraphs F the chromatic number of
F equals the largest number of pairwise adjacent vertices in F . This concept was in
fact developed from a 1958 work of Tibor Gallai. It was conjectured that a graph is
perfect if and only if none of its induced subgraphs is an odd hole or the complement
of an odd hole. An odd hole is a chordless cycle whose number of vertices, n ≥ 5 is
odd. This is known as the Strong Perfect Graph Conjecture. However, this conjecture
of Berge was proved in 2002 as the Strong Perfect Graph Theorem. Another special
class of perfect graphs that emerged around 1975-1976 is known as “Raspail graph”.
A graph in which every cycle whose length is odd and at least five has at least one
chord joining two vertices whose distance on the cycle is two is defined as Raspail
graph [30]. All Raspail graphs are perfect is a corollary of the Strong Perfect Graph
Theorem.
Liping Sun has presented two classes of perfect graphs, where one is the Gallai graph
which was used by Gallai in his investigation and the other is the Berge graphs defined
through a forbidden graph on five vertices. As seen in the definition of Gallai graphs,
the two edges form a chordless path with three vertices in G, Liping Sun was keen on
considering the Gallai graphs for the classification and defined a graph G to be Gallaiperfect if, and only if, the Gallai graph of G contains no odd hole [30]. However, his
study on perfect graphs, led to the following partial-characterizations of Gallai graphs.
Theorem 3 ([30]). Every Gallai-perfect graph is perfect.
Theorem 4 ([30]). If a Gallai-perfect graph G contains an induced dart (see Figure 1),
then G contains a star-cutset or an even pair.
Theorem 5 ([30]). Every diamond-free Raspail graph is Gallai-perfect.
Proposition 6 ([21]). The Perfect Graph Conjecture is true for Gallai graphs of graphs
having a 4-colorable complement.
Theorem 6 ([21]). Anti-Gallai graphs without odd holes are perfect.
Proposition 7 ([21]).

The following statements are equivalent for every minimal im-

perfect graph G.
1. G or Ḡ is an odd hole.
2. Γ(G) and Γ(Ḡ) are triangle-free.
3. Γ(G) or Γ(Ḡ) is triangle-free.
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Figure 1.

Dart

Figure 2.

G1 - A clique irreducible graph

3.2.
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G2 - A clique reducible graph

Irreducibility

A graph G is clique irreducible if every clique in G of size at least two, has an edge
which does not lie in any other clique of G and it is clique reducible if it is not clique
irreducible [32]. A graph G is clique vertex irreducible if every clique in G has a vertex
which does not lie in any other clique of G and it is clique vertex reducible if it is not
clique vertex irreducible.
A graph G is weakly clique irreducible if every edge lies in an essential clique. Oth-

Figure 3.

A clique vertex irreducible graph

A clique vertex reducible graph
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erwise, it is weakly clique reducible [31, 33]. For example, from the above figure we
see that the graph G2 is weakly clique irreducible and the graph G1 is weakly clique
reducible.
3.3.

Gallai graphs and irreducibility

The Gallai graphs which are clique irreducible or weakly clique irreducible are characterized as follows.
Theorem 7 ([18]). The Gallai graph Γ(G) is clique vertex irreducible if and only if for
every v ∈ V (G), every maximal independent set I in N (v) with |I| > 2 contains a vertex u
such that N (u)-{v} = N (v)-I.
Theorem 8. If Γ(G) is clique vertex reducible, then G contains one of the graphs in
Figure 4 as an induced subgraph.

Figure 4.

Forbidden Graphs (Theorem 8)

Theorem 9 ([18]). The Gallai graph Γ(G) is clique irreducible if and only if for every
v ∈ V (G), < N (v) >c is clique irreducible.
Theorem 10 ([18]). The second iterated Gallai graph Γ2 (G) is clique irreducible if and
only if for every uv ∈ E(G), either < N (u) − N (v) > and < N (v) − N (u) > are clique vertex
irreducible or one among them is a clique and the other is clique irreducible.
Theorem 11 ([18]). If Γ(G) is clique reducible then G contains one of the graphs in
Figure 5 as an induced subgraph.
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99

Forbidden Graphs (Theorem 11)

Theorem 12 ([18]). The Gallai graph of a graph G, Γ(G) is weakly clique irreducible
if and only if for every vertex u ∈ V (G), < N (u) >c is weakly clique irreducible.
3.4.

Anti-Gallai graphs and irreducibility

The anti-Gallai graphs which are clique irreducible or weakly clique irreducible are
characterized as follows.
Theorem 13 ([18]). The anti-Gallai graph ∆(G) is clique irreducible if and only if
G neither contains K4 nor one of the graphs in Figure 6 (Hajós’ graphs) as an induced
subgraph.

Figure 6.

Forbidden Graphs (Theorem 13)

Theorem 14 ([18]).
The second iterated anti-Gallai graph ∆2 (G) is clique vertex
irreducible if and only if G does not contain K4 as an induced subgraph.
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The nth iterated anti-Gallai graph ∆n (G) is clique vertex irreducible if and only if G does not contain Kn+2 as an induced subgraph.

Theorem 15 ([18]).

Theorem 16 ([18]). The anti-Gallai graph ∆(G) is clique irreducible if and only if G
does not contain K4 as an induced subgraph.
The nth iterated anti-Galli graph ∆n (G) is clique irreducible if
and only if G does not contain an induced Kn+3 .

Theorem 17 ([18]).

Theorem 18 ([19]). The anti-Gallai graph of a graph G, ∆(G) is weakly clique irreducible if and only if G is K4 -free.
Corollary 2 ([19]). The anti-Gallai graph of a graph G, ∆(G) is weakly clique irreducible if and only if it is clique irreducible.
3.5.

Some miscellaneous results

Proposition 8 ([21]). (i) Let H be a subgraph of the graph G. If H has no short chord,
then Γ(H) is an induced subgraph of Γ(G) and ∆(H) is an induced subgraph of ∆(G).
(ii) Every Ka in Γ(G) stems from an induced star K1,a in G; every Ka (a > 3) in ∆(G)
stems from a Ka+1 in G.
(iii) For all graphs G, Γ(G ∗ K1 ) ≈ Γ(G) ∪ Gc and G are an induced subgraphs of ∆(G ∗ K1 ).
Lemma 2 ([18]). If G is K4 -free then Γ(G) is diamond-free.
Theorem 19 ([26]). There does not exist a graph G such that Γ(G) ∼
= ∆(G) ∼
= nK1 ∪
mK3 ∪ pH, where H is a bow and p 6= 0.
Theorem 20 ([26]). There does not exists a graph G for which Γ(G) ∼
= ∆(G) ∼
= nK1
∪ mK3 ∪ pD, where D is a diamond and p 6= 0.
Theorem 21 ([26]).

If Γ(G) ∼
= ∆(G) ∼
= H, then H cannot have a component with

exactly 4 vertices.

Lemma 3 ([26]). There does not exist a graph G for which Γ(∆(G)) ∼
= ∆(Γ(G)) ∼
= nK1
and n 6= 0.

Theorem 22 ([26]). There does not exist a graph G for which Γ(∆(G)) ∼
= ∆(Γ(G)) ∼
=
H, where H is diamond free.
Let r and d denote the radius and diameter of a graph, respectively.
Theorem 23 ([17]). Let G be a graph such that Γ(G) is connected. Then r(Γ(G)) >
r(G) − 1 and d(Γ(G)) > d(G) − 1.
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Theorem 24 ([17]).
If G is a graph such that ∆(G) is connected and r(G) > 1,
r(∆(G)) > 2(r(G) − 1) and d(∆(G)) > 2(d(G) − 1).
There are no forbidden characterization for the Gallai graphs. However, Gallai graphs
with certain properties can be characterized. The Gallai graphs that are trivially
perfect graphs, 3-sun-free graphs, interval graphs etc. are characterized in [28]. In a
recent work [27], Gallai and anti-Gallai operators of graphs are considered and their
commutativity property is dealt with.
3.6.

Anti-Gallai triangle

If the edges ū, v̄ and w̄ induce a triangle in G then the triangle uvw in L(G) is referred
to as an anti-Gallai triangle. All the triangles in ∆(G) need not be an anti-Gallai
triangle and the number of anti-Gallai triangles in L(G) is equal to the number of
triangles in G. Since each edge of an anti-Gallai graph belongs to some anti-Gallai
triangle, the set of all anti-Gallai triangles in L(G) induces ∆(G).
Lemma 4 ([29]). Consider a line graph H ∼
= K3 . If a triangle uvw in H is an antiGallai triangle, then for all x ∈ V (H)\{u, v, w}, one of the following holds.
1. < u, v, w, x >∼
= K4 − e
2. < u, v, w, x > is disconnected.

Lemma 5 ([29]).
If a triangle uvw is not an anti-Gallai triangle in a line graph
H∼
= L(G), then there is at most one common neighbor z for an edge of uvw in H such that
< u, v, w, z >∼
= K4 − e.
Theorem 25 ([29]). Consider a line graph H ∼
= K3 , K4 − e, C4 ∨ K1 and C4 ∨ 2K1 .
A triangle uvw in H is an anti-Gallai triangle if and only if < u, v, w, x >∼
= K4 − e or
disconnected for all x ∈ V (H)\{u, v, w}.
Lemma 6 ([29]). An anti-Gallai triangle in a DHL (Distance Hereditary Line) graph
has a vertex of degree two.
3.7.

Bipartite Gallai graph

In 1999, Maffray and Reed had characterized graphs whose Gallai graphs are bipartite.
According to them, “a graph G is elementary if and only if Gallai graph of G is
bipartite” [24]. They have also depicted the five wonders, which are the five graphspyramid, lighthouse, mausoleum, garden, colossus in their work. With these they
have formulated one of the main results that the Gallai graph of G is bipartite if and
only if G is claw-free, Berge, and contains none of the five wonders; and if and only
if G is an augmentation of a line-graph of bipartite multigraph.
Later on Joos, Le and Rautenbach extensively characterized certain graphs whose
Gallai graphs are forests or trees, the main results of which are mentioned below.
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Theorem 26 ([12]). The Gallai graph Γ(G) of a graph G is a forest if and only if G is
a {F1 , . . . , F9 }-free chordal graph.

Figure 7.

The graphs F1 , . . . , F9 (Theorem 26)

Theorem 27 ([12]). For a graph G without isolated vertices, the following statements
are equivalent:
1. The Gallai graph Γ(G) of G is a tree.
2. Every non-trivial homogeneous set in G is independent, and G is an {F1 , . . . , F9 }-free
chordal graph.
3. G is either the graph F8− or G is connected and satisfies the following conditions:
• Every block of G is isomorphic to K2 ,K3 , or a gem.
• Every cut-vertex of G lies in at most two blocks and has degree atmost 3 in G.
• Every block of G that is isomorphic to K3 has exactly two cut-vertices.
• Every block of G that is isomorphic to a gem has exactly one cut-vertex.

4.

Semi-characterizations based on graph operations

Graph operations are performed to create new graphs from the original one. Some
unary and binary operations and their effects on Gallai and anti-Gallai graph are
discussed in brief here.
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Cograph

A graph is cograph (or compliment reducible graph or P4 -free graph) if it can be
reduced to an empty graph by successively taking compliments within components.
Theorem 28 ([17]). If G is a connected cograph without a vertex of full degree then
Γ(G) is a cograph if and only if G = (p K2 )c , the complement of p copies of K2 .
Theorem 29 ([17]). Let G be a graph. Then, Γ(G) is a cograph if and only if G does
not have the graphs in Figure 8 as induced subgraphs.

Figure 8.

Forbidden Graphs (Theorem 29)

Theorem 30 ([17]). Let G be a graph. Then, ∆(G) is a cograph if and only if G does
not have the graphs in Figure 9 as induced subgraphs.

Figure 9.

Forbidden Graphs (Theorem 30)
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Theorem 31 ([17]). For a connected cograph G, Γ(G) is a cograph if and only if G ∈ H.
The class H of graphs is defined as follows:
• H1 = {G : G = (p K2 )c ∨ (Kq ), where p, q ≥ 0}
S
• Hi = {G : G = ( Hi−1 ) ∨ Kr , where Hi−1 ∈ Hi−1 and r > 0} for i > 1
S
• H = Hi
Theorem 32. For a connected cograph G, ∆(G) is a cograph if and only if
1. G = G1 ∨ G2 , where G1 is edgeless and G2 does not contain P4 as a subgraph (which
need not be induced) or
2. G is C4 .

4.2.

Triangular line graph

The triangular line graph T (G) of a graph G is the graph with vertex set E(G), with
two distinct vertices e and f adjacent in T (G) if and only if there exists a subgraph
H of G with e, f ∈ E(H) and H ∼
= K3 . Any such subgraph H is called a triangle of
G. Some of its properties are mentioned below.
Proposition 9 ([5]). If G is a graph, then T (G) contains a copy of K4 − e if and only
if G contains a copy of K4 .
Theorem 33 ([5]). For a graph G, the triangular line graph T (G) is Eulerian if and
only if T (G) is connected.
Lemma 7 ([16]).

Assume that F is a connected non-trivial graph and F is the anti0
Gallai graph of F . Then F is K4 -free if and only if every edge of F is contained in exactly
one triangle, or equivalently, every maximal clique of F is a triangle and any two triangles
share at most one vertex.
0

4.3.

Gallai and anti-Gallai total graph

From the notion of total graphs, Gallai graphs and anti-Gallai graphs, two new operators Gallai total graph and anti-Gallai total graph were introduced by Garg et al.
[10]
Let G = (V, E) be a graph. The Gallai total graph, ΓT (G) of G is the graph, where
V (ΓT (G)) = V ∪ E and uv ∈ E(ΓT (G)) if and only if
1. u and v are adjacent vertices in G, or
2. u is incident to v or v is incident to u in G, or
3. u and v are adjacent edges in G which do not span a triangle in G.
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The anti-Gallai total graph, ∆T (G) of G is the graph, where V (∆T (G)) = V ∪ E and
uv ∈ E(∆T (G)) if and only if
1. u and v are adjacent vertices in G, or
2. u is incident to v or v is incident to u in G, or
3. u and v are adjacent edges in G and lie on a same triangle in G.
Proposition 10 ([10]). Let ΓT (G) be the Gallai total graph of a graph G = (V, E),
then the degree of v ∈ V (ΓT (G)) is given by,
(
dΓ (v) =

2d(v)
d(v1 ) + d(v2 ) − 2t

if v ∈ V (G)
if v = v1 v2 ∈ E(G)

where t denotes the number of triangles containing v in G.

Proposition 11 ([10]).
Pp

i=1

2

(d(vi )) -

3
)
3( tr(A
),
6

Let G = (V, E) be a (p, q) graph, then |E(ΓT (G))| = 2q +

1
2

where A is the adjacency matrix of G.

Proposition 12 ([10]). Let ∆T (G) be the anti-Gallai total graph of a graph G = (V, E),
then
(
d∆ (v) =

(2d(v))
2t + 2

if v ∈ V (G),
if v = v1 v2 ∈ E(G)

where t denotes the number of triangles containing v in G.

Proposition 13 ([10]).
3
)
),
3( tr(A
6

Let G = (V, E) be a (p, q) graph, then |E(∆T (G))| = 3q +

where A is the adjacency matrix of G.

Some Eulerian and Hamiltonian properties of Gallai and anti-Gallai total graph are
also discussed in [10].
4.4.

Eulerian property

Proposition 14 ([10]). The Gallai total graph ΓT (G) of a graph G is regular if and
only if G is regular and triangle free.
Proposition 15 ([10]).

For a connected graph G, the Gallai total graph ΓT (G) has a

spanning Eulerian subgraph.

Proposition 16 ([10]). The Gallai total graph ΓT (G) of G is connected if and only if
G is connected.

Corollary 3. The ΓnT (G) of G is connected if and only if G is connected for all n ≥ 1.
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Theorem 34 ([10]). Let G be a connected graph, then the Gallai total graph ΓT (G) is
Eulerian if and only if all the vertices of G are of the same parity; where parity of a vertex
means parity of its degree.
Corollary 4. If G is Eulerian, then ΓnT (G) is Eulerian for all n ≥ 1, but converse is not
true.

Proposition 17 ([10]). The anti-Gallai total graph ∆T (G) of G is regular if and only
if G is l-triangular and (l + 1)-regular; where a graph is called l-triangular if each edge of G
lies on l number of triangles in G.
Proposition 18 ([10]). For a connected graph G, the anti-Gallai total graph ∆T (G)
has a spanning Eulerian subgraph.
Proposition 19 ([10]).

For a connected graph G, ∆n
T (G) has a spanning Eulerian

subgraph for all n ≥ 1 [10].

Proposition 20 ([10]).

The anti-Gallai total graph ∆T (G) of G is connected if and

only if G is connected.

Corollary 5. The ∆nT (G) of G is connected if and only if G is connected for all n ≥ 1.
Theorem 35 ([10]). Let G be a connected graph, then ∆T (G) of G is Eulerian.
Corollary 6. Let G be a connected graph, then ∆nT (G) of G is Eulerian.
Corollary 7. If G is Eulerian, then ∆nT (G) of G is Eulerian, but converse is not true.
4.5.

Hamiltonian property

Theorem 36 ([10]). The Gallai total graph ΓT (G) of a non-trivial graph G is Hamiltonian if and only if the set of all elements of G can be ordered in such a way that consecutive
elements are neighbors as are the first and last elements, but the two edges are not consecutive
elements, if both the edges are of same triangle.
It is seen in [10] that if G is Hamiltonian, then its total graph is also Hamiltonian.
However, only if G is Hamiltonian and triangle-free, then ΓT (G) is Hamiltonian.
Theorem 37 ([10]). The anti-Gallai total graph ∆T (G) of a non-trivial graph G is
Hamiltonian if and only if the set of all elements of G can be ordered in such a way that
consecutive elements are neighbors as are the first and last elements, but the two edges are
not consecutive elements, if both the edges are not of same triangle.

A. Poovathingal, J. V. Kureethara, D. Deepthy
4.6.

107

Simplicial complex

The line simplicial complex containing Gallai and anti-Gallai simplicial complexes
as spanning subcomplexes is defined and a relation between Euler characteristics
of line and Gallai simplicial complexes is established in [2]. Also in [1–3, 23, 25],
connectedness of simplicial complexes based on various combinatorial and topological
aspects and the shellability [6] of line and anti-Gallai simplicial complexes associated
to various classes of graphs are studied. Some basic definitions mentioned are as
follows. Let G be a finite simple graph on the vertex set V (G) = [n]. Let E(G) =
{ei,j = {i, j} | i, j ∈ V (G)} be the edge set of G.
The set of line indices γ(G) associated to the graph G is defined as the collection of
subsets of V (G) such that if ei,j and ej,k are adjacent in L(G), then Fi,j,k = {i, j, k} ∈
γ(G) or if ei,j is an isolated vertex in L(G) then Fi,j = {i, j} ∈ γ(G). The line index
is said to be a Gallai index if the incident edges ei,j and ej,k of G do not span a
triangle in G. The set of Gallai indices are denoted by ΩΓ (G). The line index is said
to be an anti-Gallai index if the incident edges ei,j and ej,k of G lie on a triangle in
0
G. The set of anti-Gallai indices are denoted by ΩΓ (G). The set of line indices γ(G)
0
contains ΩΓ (G) and ΩΓ (G) as spanning subsets.
Theorem 38 ([2]). Let ∆L (G) and ∆Γ (G) be line and Gallai simplicial complexes of a
finite simple graph G. Then, the Euler characteristic of the line simplicial complex ∆L (G)
is given by χ(∆L (G)) = χ(∆Γ (G)) + |ΩΓ0 (G)| , where |ΩΓ0 (G)| is the number of anti-Gallai
indices associated to G.
Theorem 39 ([2]). The anti-Gallai simplicial complex ∆Γ0 (Wn+1 ) associated to wheel
graph Wn+1 is shellable.

Proposition 21 ([2]).
Let G be a finite simple connected graph. Then the Gallai
simplicial complex ∆Γ (G) of G is one dimensional if and only if ∆Γ (G) = G.
Lemma 8 ([2]). Let G be a simple connected graph, then its Gallai simplicial complex
∆Γ (G) will be connected.
Theorem 40 ([2]). The face ring of Gallai simplicial complex ∆Γ (T ) associated to a
tree T is Cohen-Macaulay.
Theorem 41 ([3]).
∗
graph
PNLn with 2nk vertices
= k=0 = (−1) fk = 0.

Let ∆Γ (L∗n ) be the Gallai simplicial complex of triangular ladder
for n ≥ 3. Then, the Euler characteristic of ∆Γ (L∗n ) is χ(∆Γ (L∗n ))

Theorem 42 ([3]). Let ∆Γ (Y3,n ) be the Gallai-simplicial complex of prism graph Y3,n ,
with
for n ≥ 3. Then, the Euler characteristic of ∆Γ (Y3 , n) is χ(∆Γ (Y3 , n)) =
Pn 3n vertices
k
=
(−1)
f
= 3(n − 1).
k
k=0

108
4.7.

A survey of the studies on Gallai and anti-Gallai graphs
Gallai-Mortal graph

A graph G is said to be Gallai-mortal if Γt (G) is empty for some t ≥ 0; where Γt (G)
is the iterated Gallai graph of G. Some of its characterizations can be seen in [20].
Also, its main result is as follows.
Theorem 43. A finite graph G is Gallai-mortal if and only if
1. for any integer t ≥ 0, Γt (G) is chordal.
2. G contains an induced path of maximum length.
3. G contains a neighborhood chain of maximum length.

5.

Krausz-Type characterizations

The notion of simplices, generalised line graphs, Gallai graphs and anti-Gallai graphs
give rise to k- line graphs, k- Gallai graph and the k-anti-Gallai graph of a graph G
having the k- simplices of G as vertices [21]. For an integer k > 1, the vertices of
the k-Gallai graph Γk (G) represent the k-cliques of G, moreover its two vertices are
adjacent if and only if the corresponding k-cliques of G share a (k − 1)-clique but they
are not contained in a common (k + 1)-clique. For an integer k > 1, the k-anti-Gallai
graph ∆k (G) of a graph G has one vertex for each k-clique of G, and two vertices in
∆k (G) are adjacent if and only if the union of the two k-cliques represented by them
span a (k + 1)-clique in G [16]. The following are the results obtained with respect
to the k- Gallai graphs and the k-anti-Gallai graphs.
Theorem 44 ([21]). Let k > 1 be an integer. A graph G is a k-Gallai graph if and only
if there is a family Gi : i ∈ I of induced subgraphs of G satisfying the following properties.
1. Every vertex of G lies in exactly k members of the family.
2. Every edge of G lies in exactly k − 1 members of the family.
T
3. | i∈J Gi | ≤ 1 for any k-element subset J of I.
4. The family has the k-Helly property.
5. For any k − 1-element
subset A of I and any
T
T i 6= j ∈ I\A and vertices x 6= y of G
with {x} = Gi ∩ a∈A Ga and {y} = Gj ∩ a∈A Ga , xy ∈ E(G) if and only if Gi ∩
Gj 6= φ holds true.

The following result is an immediate application of Theorem 44.
Remark 1 ([21]). The following statements are equivalent for every graph G.
1. Every induced subgraph of G is a Gallai graph.
2. G has no K1,3 and no K4− ; K4 − e.
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3. G is a Gallai graph of a triangle-free graph (and thus, G is a line graph).

Lemma 9 ([16]). For every k > 2, every graph G and its k-anti-Gallai graph ∆k (G)
satisfy the following relations:
1. G is Kk+2 -free if and only if ∆k (G) is diamond-free.
2. G is Kk+2 -free if and only if each maximal clique of ∆k (G) is either an isolated vertex
or a (k +1)-clique. Moreover, any two maximal cliques intersect in at most one vertex.

6.

NP-Complete problems

Theorem 45 ([16]). The following problems are NP-complete for every k > 3.
1. Recognizing k-anti-Gallai graphs.
2. Recognizing k-anti-Gallai graphs on the class of connected and diamond-free graphs.
3. Deciding whether a given connected graph is a k-anti-Gallai graph of a Kk+2 -free graph.

Corollary 8 ([21]). The problems of determining the clique number and the chromatic
number of a Gallai graphs are NP-complete.

7.

Conjectures and open problems

We list some of the conjectures and open problems for further research.
7.1.

Conjectures

Conjecture 1 ([22]). Gallai graphs without induced odd holes are perfect.
If the Conjecture is true, it implies Sun’s Theorem [21]. Also, it is easy to see that the
Conjecture implies a theorem of König, which tells that the line graphs of bipartite
graphs are perfect. In [21], the Conjecture is proved for Gallai graphs Γ(G) of graphs
G with χ(G) ≥ 4.
Conjecture 2. Weakly Gallai perfect graphs are perfect.
0

Conjecture 3 ([22]). A graph G is perfect if and only if, for all induced subgraphs G
0

0

c

0

c

0

of G, χ(Γ(G )) ≤ ω(G ) and χ(Γ(G )) ≤ ω(G ).

7.2.

Open problems

Problem 1. Characterize Gallai graphs.
Problem 2. Characterize anti-Gallai graphs.
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Problem 3. Characterize graphs for which Γ(G) ∼
= ∆(G) other than those mentioned in
[26].

Problem 4. Characterize graphs for which Γ(∆(G)) ∼
= ∆(Γ(G)).
Problem 5. Characterize Gallai and anti-Gallai mortal graphs.
Problem 6. Study Gallai and anti-Gallai periodic graphs.
Problem 7 ([16]). Determine the time complexity of the recognition problem of k-Gallai
graphs for k > 2.

8.

Conclusion

Research on Gallai and anti-Gallai graphs has been escalated after Le’s [20–22] studies.
We hope that further studies on Gallai and anti-Gallai graphs can still pave way for
the substantial growth in its research by working on various other parameters and
characterizations.

Acknowledgment
The first author acknowledges her gratitude to Prof. Dr. Aparna Lakshmanan for
introducing her to this beautiful area of Graph Theory. We thank the referees for
their creative suggestions.

References
[1] I. Ahmed and S. Muhmood, Computational aspects of line simplicial complexes,
Journal of Intelligent & Fuzzy Systems 39, no. 8, 1–8.
[2]
, Characterizations of line simplicial complexes, arXiv:1702.04623 (2017).
[3]
, Topological and algebraic characterizations of gallai-simplicial complexes,
arXiv:1701.07599 (2017).
[4] P. Anand, H. Escuadro, R. Gera, S.G. Hartke, and D. Stolee, On the hardness of
recognizing triangular line graphs, Discrete Math. 312 (2012), no. 17, 2627–2638.
[5] P. Anand, H. Escuadro, R. Gera, and C. Martell, Triangular line graphs and word
sense disambiguation, Discrete Appl. Math. 159 (2011), no. 11, 1160–1165.
[6] I. Anwar, Z. Kosar, and S. Nazir, An efficient algebraic criterion for shellability,
arXiv:1705.09537 (2017).
[7] R. Diestel, Graph Theory, Springer, 2005.

A. Poovathingal, J. V. Kureethara, D. Deepthy

111

[8] D. Dorrough, Convergence of sequences of iterated triangular line graphs, Discrete
Math. 161 (1996), no. 1-3, 79–86.
[9] T. Gallai, Transitiv orientierbare graphen, Acta Mathematica Academiae Scientiarum Hungarica 18 (1967), no. 1-2, 25–66.
[10] P. Garg, D. Sinha, and S. Goyal, Eulerian and hamiltonian properties of gallai
and anti-gallai total graphs, J. Indones. Math. Soc. 21 (2015), no. 2, 105–116.
[11] F. Harary and R.Z. Norman, Some properties of line digraphs, Rend. Circ. Mat.
Palermo 9 (1960), no. 2, 161–168.
[12] F. Joos and D. Rautenbach, Forests and trees among gallai graphs, Discrete Math.
338 (2015), no. 2, 190–195.
[13] T. Kloks, C.-H. Liu, and S.-H. Poon, On edge-independent sets, Frontiers in Algorithmics and Algorithmic Aspects in Information and Management, Springer,
2013, pp. 272–283.
[14] A. Konstantinidis, S.D. Nikolopoulos, and C. Papadopoulos, Strong triadic closure in cographs and graphs of low maximum degree, Theoret. Comput. Sci. 740
(2018), 76–84.
[15] A.L. Konstantinidis and C. Papadopoulos, Maximizing the strong triadic closure
in split graphs and proper interval graphs, Discrete Appl. Math. 285 (2020), 79–
95.
[16] S.A. Lakshmanan, C. Bujtás, and Z. Tuza, Generalized line graphs: Cartesian
products and complexity of recognition, Electron. J. Combin. 22 (2015), no. 3,
3–33.
[17] S.A. Lakshmanan, S.B. Rao, and A. Vijaykumar, Gallai and anti-gallai graphs
of a graph, Math. Bohem. 132 (2007), no. 1, 43–54.
[18] S.A. Lakshmanan and A. Vijayakumar, Clique irreducibility of some iterative
classes of graphs, Discuss. Math. Graph Theory 28 (2008), no. 2, 307–321.
, On weakly clique irreducible graphs, (2008), Manuscript.
[19]
[20] V.B. Le, Mortality of iterated gallai graphs, Period. Math. Hungar. 27 (1993),
no. 2, 105–124.
[21]
, Gallai graphs and anti-gallai graphs, Discrete Math. 159 (1996), no. 1-3,
179–189.
[22]
, Some conjectures on perfect graphs, Discuss. Math. Graph Theory 20
(2000), no. 1, 155–159.
[23] A. Liaquat, Characterizations of gallai total simplicial complexes, Ph.D. thesis,
COMSATS University Islamabad, Lahore Campus., 2018.
[24] F. Maffray and B.A. Reed, A description of claw-free perfect graphs, J. Combin.
Theory Ser. B 75 (1999), no. 1, 134–156.
[25] S. Muhmood, I. Ahmed, and A. Liaquat, Gallai simplicial complexes, Journal of
Intelligent & Fuzzy Systems 36 (2019), no. 6, 5645–5651.
[26] J.J. Palathingal and S.A. Lakshmanan, Gallai and anti-gallai graph operators,
Electron. Notes Discrete Math. 63 (2017), 447–453.
[27]
, Commutativity of some graph operators, Research & Reviews: Discrete
Mathematical Structures 6 (2019), no. 1, 1–5.
[28] A. Poovathingal and J.V. Kureethara, Some characterizations of gallai graphs,

112

A survey of the studies on Gallai and anti-Gallai graphs

AIP Conference Proceedings, vol. 2236, AIP Publishing LLC, 2020, p. 060003.
[29] K. Pravas and A. Vijayakumar, On an edge partition and root graphs of some
classes of line graphs, Electron. J. Graph Theory Appl. 5 (2017), no. 1, 59507.
[30] L. Sun, Two classes of perfect graphs, J. Combin. Theory Ser. B 53 (1991), no. 2,
273–292.
[31] A. Vijayakumar and S.A. Lakshmanan, Clique irreducible and weakly clique irreducible graphs–a survey, India-Taiwan Conference on Discrete Mathematics,
p. 114.
[32] W.D. Wallis and G.-H. Zhang, On maximal clique irreducible graphs, J. Combin.
Math. Combin. Comput 8 (1990), 187–193.
[33] T.-M. Wang, On characterizing weakly maximal clique irreducible graphs, Congr.
Numer. (2003), 177–188.

