COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. 5 No. 2, 2020 pp.169-178
DOI: 10.22049/CC0.2020.26701.1131 COoMMUN. ComB. OpTin.

On the variance-type graph irregularity measures

Tamias Réti' and Akbar Ali%3*
'Obuda University, Bécsiat, 96/B, H-1034 Budapest, Hungary

2Knovvledge Unit of Science, University of Management and Technology
Sialkot 51310, Pakistan

3Depeurtrnent of Mathematics, Faculty of Science, University of Ha’il, Ha’il 81451, Saudi Arabia
akbarali.maths@gmail.com

Received: 25 November 2019; Accepted: 30 March 2020
Published Online: 2 April 2020

Abstract: Bell’s degree-variance Varg for a graph G, with the degree sequence
(d1,da,...,dy) and size m, is defined as Varg(G) = 5.7 [ i — 2%]2 In this

=1
paper, a new version of the irregularity measures of Variar?ce—type7 denoted by Varg, is
introduced and discussed. Based on a comparative study, it is demonstrated that the
newly proposed irregularity measure Varg possess a better discrimination ability than
the classical Bell’s degree-variance in several cases.
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1. Introduction

In this paper, we consider only simple, connected and non-trivial graphs. For a graph
G, denote by V(G) and E(G) the sets of vertices and edges, respectively. Let d,,, (G)
(or simply d;(G), when there is no confusion) be the degree of vertex u;, and denote
by uv an edge of G connecting vertices v and v. The minimum degree and maximum
degree of a graph G are denoted by §(G) and A(G), respectively. The distance
dg(u,v) between two vertices u,v € V(G) is the number of edges in a shortest u — v
path in a graph G. We drop the symbol “G” from the notations involving it whenever
the graph under consideration is clear — for example, we will write d;, § and d(u,v)
instead of d;(G), §(G) and dg(u,v) for simplicity.
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170 On the variance-type graph irregularity measures

We use the standard terminology of graph theory, for notations not defined here,
we refer the reader to [5, 19]. The eccentricity ec(u) of a vertex u € V(G) is the
greatest distance among all the distances from w to other vertices of G. The diameter
Diam(G) (respectively, radius Rad(G)) of a graph G is the maximum (respectively,
minimum) value among the eccentricities of all the vertices of G. Let A(G) (or simply
A, when there is no confusion) be the adjacency matrix of a graph G. We denote by
A1(G) the largest eigenvalue of A(G) and call it the spectral radius of G.

The set consisting of (different) degrees of all the vertices of a graph G is called the
degree set of G. By a regular (respectively, bidegreed) graph, we mean a graph whose
degree set consists of only one element (respectively, two elements), and by a non-
regular graph we mean a graph that is not regular. By a semiregular graph, we mean
a bipartite bidegreed graph in which every partite set consists of the vertices of the
same degree.

The dual degree of a vertex u € V(G) is the average value of the degrees of its
neighbors [16]. A graph G in which all the vertices have the same dual degree, say
p(G), is called a pseudo-regular graph or harmonic graph [8, 14, 32]. It is easy to
check that p(G) is always a positive integer and that A;(G) = p(G). It is obvious that
any r-regular graph G, is also a harmonic graph with p(G,) = A (G,) = r.

An irregularity measure (IM) of a (connected) graph G is a non-negative graph
invariant satisfying the property: IM(G) = 0 if and only if G is regular. In literature,
various irregularity measures have been proposed [12] and applied [15, 22, 33, 35, 36]
till date. The majority of irregularity measures belong to the family of degree-based
graph invariants [1, 2, 6, 7, 13, 18, 20, 24, 27, 29, 30, 34, 40], but there exist eigenvalue-
based irregularity measures as well [11, 34]. Bell’s degree-variance Varg is one of the
most popular degree-based irregularity measures. This irregularity measure for a
graph G, with the degree sequence (di,ds,...,d,) and size m, is defined [4] as

Vars(G) = 23 [di - Q;”F

We remark here that, before the appearance of the Bell’s paper [4], the measure Varg
was appeared within the study of graph heterogeneity [37] (see the next section for
details). The properties and applications of Varg have been extensively studied and
discussed in several papers [4, 9, 12, 23, 36, 37].

While the irregularity measure Varg has several advantages, it also has some
disadvantages. One of the drawbacks of Varg is that its discriminatory performance
is limited in certain cases. In order to overcome this drawback, several attempts
have recently been made to devise some modified versions of Varg. This research
direction is focused primarily on the construction of novel graph invariants of
variance type, having a higher structural selectivity and an improved discriminating
sensitivity. In this paper, a new version of Varg, denoted by Var, and referred as the
normalized degree-variance, is introduced and discussed. Based on a comparative
study, it is demonstrated that the newly proposed irregularity measure Var, possess
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a better discrimination ability than the classical Bell’s degree-variance in several cases.

2. Preliminary Considerations

We have mentioned in the previous section that the measure Varg was also appeared
within the study of graph heterogeneity [37], before the appearance of the Bell’s paper
[4]. Moreover, the degree variance is mentioned by Coleman [10] as an intermediate
step in the construction of a measure of hierarchization (in a sociometric context,
graph heterogeneity can be interpreted as hierarchization), see [37]. Snijders [37] also
proposed the following general variance for a graph G

1 — 5
Vary(@) = > [o(us) — w(@)) 1)
i=1
where V(G) = {u1,u2,--- ,un}, g is a convex non-decreasing (and non-negative real)

function, and
n

WG) = =3 glu). 2)
i=1

The function g can be taken in various ways: for example, g(u;) = log(d(u;)) gives
entropy-based measure of hierarchization [10] or g(u;) = d(u;) gives the traditional
degree-variance Varg suggested by Bell [4] for characterizing the irregularity of a
graph, or we can take g(u;) = ec(u;), where ec(u;) is the eccentricity of a vertex
The Bell’s degree-variance Varg belongs to the family of those graph invariants that
can be determined unambiguously by the degree sequence of the considered graph. In
fact, in addition to Varg, there are many irregularity measures that can be determined
by the degree sequence of a graph. Some of them, which will be used in forthcoming
sections, are listed below [12, 13, 20, 33, 34].

IRV (G) =nVarg(G) = M;(G) — —,

IRV3(G) = n*Varg(G) = nM;(G) — 4m?,

IRV5(G) = M, (G) —%:V(LTB(G) ( ]\MG)_,_?m> 7

n n n

_IRVI(G) _ My(G) 2m

IRM4(G)

2m 2m n

IRMp(G) = F(G) - TMl(G%
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] 1 n n n n
irre(G) = 522%‘ —di| =" > |di —djl,
i=1 j=1 i=1 j=i+1
where irr;(G) is the total irregularity of G introduced by Abdo et al. [13], M1(G) is
the first Zagreb index of a graph G defined [21, 25, 28, 38, 39] as

= Zn: d?
=1

and F(G) is the so-called forgotten topological index [17] formulated as F(G) =
S, d?. It needs to be emphasized that a common property of each of the irregularity
measures listed above is that if graphs G, and G, have the same degree sequence,
then the values of the considered irregularity measure of G, and G will also be the
same.

3. The Normalized Degree-Variance Irregularity Measures

In what follows, we introduce a novel variance-type irregularity measure. For a graph

G with the degree sequence (dy,ds, ..., d,) and the size m, consider the graph invari-
ants formulated as
Dy (G szdq (2m)1 Zp(““”
D2 q sz 2¢1 2m 2q Zp(l-‘rQQ)

where ¢ is a positive number and p; is the normahzed degree of a vertex u; of the

graph G, defined as
d; d;

P Dlimy di S am
Based on the above formulas, we define the following variant of the Bell’s degree
variance

2
Var(G) = Day(G) — D3,(G) = Z (1+20) (Zp<1+q>> —

In what follows, we prove that Var, is an irregularity measure. For this, we need to
prove the following elementary lemma first.

Lemma 1. Let B1,Ba,--- , By are non-negative numbers. If wi,ws, -+ ,w, are the
non-negative numbers satisfying w1 + wa + -+ - + wn, = 1, then it holds that

n 2 n
=1 1=1

with equality if and only if B1 = Ba = -+ = By.
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Proof. Using the Cauchy-Schwartz inequality, one gets that

O

Now, we are able to prove that the graph invariant Var, satisfies both the properties
of an irregularity measure.

Proposition 1. If G is a connected graph with the degree sequence (di,d,...,d,) and
the size m, then it holds that

n n 2
Ven(@) = (amy {z _ (z) } >0
=1 =1

with equality if and only if G is a regular graph.

Proof. 1t suffices to show that

n 2 n
(Z p§1+q)> < Zp§1+2q)_
i=1 i=1

Taking w; = p; and B; = (p;)? for i = 1,2,--- ,n, we have

B, _ El-l-q))
(Zun) - (2

. w; B = . P,
2 2

i=1

and

Thus, by using Lemma 1, we have

ZwiBf — (Z w¢B¢> = ZPEHM) _ (Zpl(_Hq)) >0,
i=1 i=1 i=1 i=1

where the equality sign in the last inequality holds if and only if (p1)? = (p2)?="--- =
(pn)?, which is true if and only if G is a regular graph. O
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From Proposition 1, it follows that the graph invariant Var, is actually an irregularity
measure. We note that the irregularity measure Var, can be rewritten as

2
1 ¢ 1
VCqu(G) = D27q(G) % Z d (1+2q) (m Z d (1+q) ) (4)
i=1 =1

The substitutions ¢ = 1/2 and ¢ = 1 in Equation (4) yield

. d2 - 3/2 LM ES 3/2
Var (G 2mz ( Zdl > o 1(G) — ( o d, )

=1 =1

and

2
Var(G) = Do (G) — D3, (G) = F(G) (Ml(G)) |

2m 2m

respectively. In what follows, we focus our attention to the irregularity measure Var;.
We propose to call this irregularity measure as the normalized degree variance.

Proposition 2. The irregularity measures Vans and Vary are incomparable.

Proof.  For the 4-vertex path P4, one has

M, (P, om\? 10 [/6\> 40-36 1
vantr =S (5) =3 (5) - F 5

and hence

2mF(Py) — MP(Py) _ 6+18 —10> _
4m? 36

Var (Py) = = Varg(Py).

1
4

@\I\D

On the other hand, for the 4-vertex star graph S, it holds that

My(Sy)  [2m\® 12 [6\> 48-36 3
Vars(so = MU (S <20 () =B =

Hence

2mF(Sy) — M3(Sy)  6x30—122 . 3
4m? o 36 o 4

Var (Sy) = = Varg(Sy).
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Finally, we show that for harmonic graphs there exists a strong correspondence be-
tween the sigma index o(G) = 3_,,cpq) (d(u) — d(v))?, introduced in [24], and the
normalized degree-variance Vary (G). For this purpose, we need the following lemma.

Lemma 2. [14, 32] If G is a harmonic graph with m edges and with the spectral radius
A1 (G) then
_ Mi(G) _ 2Ms(G)

M(G) om Mi(G)”’

where Mz (G) is the second Zagreb index [25, 28] of G.

Proposition 3. If G is a harmonic graph with m edges then

Van (G) = —— (F(G) — 2M»(G)) =

1
5m 2m (G

Proof. The normalized degree-variance can be rewritten as

_M(G) ( F(G) M(G)
Van(G) == (Ml(G) om >

By using Lemma 2, we get

Varl(G) =

My(G) ( F(G) 2M2(G)) _ 2L (F(G) — 2My(G)).

4. Discriminatory Performance of the Normalized
Degree -Variance

The discriminatory performance of the Bell’s degree-variance Varg and the normalized
degree-variance Var; are compared and evaluated in the following examples.

AARA

Figure 1. Four 6-vertex non-regular graphs with the same total irregularity.
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Example 1. Consider the 6-vertex connected non-regular graphs depicted in Figure 1.
It can be easily checked that all these graphs have the same value of the total irregularity,
which is 26. Comparing the irregularity measures Vargp and Var; of the graphs shown in
Figure 1, the following results are obtained.

It is easy to check that Varg(G1) =~ 1.667, while the other graphs have the identical Bell’s
degree-variance: Varg(G2) = Varp(Gs) = Varg(G4) =~ 1.889. On the other hand, for
the normalized degree-variance Vari, we get: Vari(Gi) ~ 1.3580, Vari(G2) ~ 2.2653,
Vari(Gs) ~ 1.9844 and Vari(G4) =~ 1.6094. Thus, it can be stated that the irregularity
measure Var; is more discriminative (more selective) than the Bell’s degree variance for the
considered graphs.

An n-vertex graph whose degree set consists of exactly n — 2 elements is called an
antiregular graph [3, 26, 31]. Following the references [2, 6, 7, 13], we take antiregular
graphs as the graphs opposite to the regular graphs. It is interesting to note in
Example 1 that the minimum values of both the measures Varg and Var; are attained
by the antiregular graph GG;. Thus, both of these irregularity measures may be useful
in designing some irregularity measure(s) satisfying the constraints mentioned in the
open problem given in [31].

H,y Hy

Figure 2. Two 9-vertex non-regular graphs with 18 edges.

Example 2. Consider the non-regular graphs H; and H» depicted in Figure 2. The de-
gree sequences of the graphs H; and H, are (8,8,5,3,3,3,2,2,2) and (8,5,5,5,5,5,1,1,1),
respectively. These graphs have identical first Zagreb index, M1(H1) = M1(H2) = 192,
and different forgotten topological index, that is F'(H1) = 1254 and F(Hz) = 1140. Con-
sequently, although the Bell’s degree variance of these graphs are identical, Varp(H;) =
Varg(H2) = 5.333, the normalized degree variance of the graphs Hi and Hs are strongly
different: Vari(H1) =~ 6.389 and Vari(H2) ~ 3.222. Comparing the discriminatory ability
of the irregularity measures Varp and Vari, we can conclude that the normalized degree
variance Var; possesses a better discriminatory performance for the considered graphs.
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