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Abstract: A weak signed Roman dominating function (WSRDF) of a graph G with
vertex set V(G) is defined as a function f : V(G) — {—1,1,2} having the property
that erN[v] f(z) > 1 for each v € V(G), where NJ[v] is the closed neighborhood of
v. The weight of a WSRDF is the sum of its function values over all vertices. The
weak signed Roman domination number of G, denoted by v, sr(G), is the minimum
weight of a WSRDF in G. We initiate the study of the weak signed Roman domination
number, and we present different sharp bounds on 7,,sg(G). In addition, we determine
the weak signed Roman domination number of some classes of graphs.
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1. Terminology and introduction

For notation and graph theory terminology, we in general follow Haynes, Hedetniemi
and Slater [5]. Specifically, let G be a graph with vertex set V(G) = V and edge
set E(G) = E. The integers n = n(G) = |[V(G)| and m = m(G) = |E(G)| are the
order and the size of the graph G, respectively. The open neighborhood of vertex v
is Ng(v) = N(v) = {u € V(G)|luwv € E(G)}, and the closed neighborhood of v is
Ng[v] = N[v] = N(v) U {v}. The degree of a vertex v is dg(v) = d(v) = |[N(v)|. The
minimum and mazimum degree of a graph G are denoted by (G) = § and A(G) = A,
respectively. A graph G is regular or r-regular if §(G) = A(G) = r. The complement
of a graph G is denoted by G. Let K, be the complete graph of order n, C,, the
cycle of order n, P, the path of order n, and K, ; the complete bipartite graph with
partite sets X and Y, where | X| = p and |Y| = g. Let S(r, s) be the double star with
exactly two adjacent vertices u and v that are not leaves such that u is adjacent to
r > 1 leaves and v is adjacent to s > 1 leaves.
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112 Weak signed Roman domination in graphs

A set S of vertices of G is called a dominating set if N[S] = J,cg N[v] = V(G). The
domination number v(G) equals the minimum cardinality of a dominating set in G.
In this paper we continue the study of signed Roman domination in graphs (see, for
example, [1-4, 6-11]).

A signed Roman dominating function (SRDF) on a graph G is defined in [1] as a
function f: V(G) — {—1,1,2} having the property that f(N[v]) = >, ¢y, f(2) 2 1
for each v € V(G) and if f(u) = —1, then the vertex u must have a neighbor w
with f(w) = 2. The weight of a signed Roman dominating function is the value
fV(G)) = Xueve) f(u). The signed Roman domination number vsr(G) is the
minimum weight of a signed Roman dominating function on G.

A weak signed Roman dominating function (WSRDF) of a graph G is defined as a
function f: V(G) — {—1,1,2} having the property that f(N[v]) = > ¢y, f(2) 2 1
for each v € V(G). The weight of a WSRDF is the value w(f) = f(V(G)) =
EUEV(G) f(w). The weak signed Roman domination number of G, denoted by
Ywsr(G), is the minimum weight of a WSRDF in G. A 7,sr(G)-function is a WSRDF
of weight v4,sg(G). For a WSRDF f on G, let V; = {v € V(G) : f(v) =i} for i =
—1,1,2. A WSRDF f can be represented by the ordered partition f = (V_1, Vi, V3).
The definitions lead to vusr(G) < vsr(G). Therefore each lower bound of s (G)
is also a lower bound of vsr(G).

Our purpose in this work is to initiate the study of the weak signed Roman domination
number. We present basic properties and sharp bounds for the weak signed Roman
domination number of a graph. In particular, we show that many lower bounds on
vsr(G) are also valid for v,sr(G). In addition we prove vy,sg(G) > (3n — 4m)/2
for graphs G without isolated vertices of order n and size m, and we characterize the
graphs achieving equality. Furthermore, we show that the difference vsr(G)—~wsr(G)
can be arbitrarily large, and we determine the weak signed Roman domination number
of some classes of graphs.

2. Preliminary results and first bounds

In this section we present basic properties and some first bounds on the weak signed
Roman domination number. The definitions lead to the first observation immediately

Observation 1. If f = (V_1,V1,V2) is a WSRDF of a graph G of order n, then the
following holds.

(a) [Voal + [Vi] + Vo = n.

(b) w(f) = Vil + 2|Va| = [Va].

(c) Every vertex of V_1 is dominated by one vertex of V2 or two vertices of V1.
(d) Vi U Vs is a dominating set of G.

Proposition 1. If G is graph of order n, then vu,sr(G) < n, with equality if and only if
G=K,.
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Proof. Define the function f : V(G) — {-1,1,2} by f(v) =1 for each v € V(G).
Then f is a WSRDF on G of weight n and thus v,sz(G) < n. If G = K,,, then it
easy to see that v,sr(G) = n.

Conversely, assume that A(G) > 1. If 6(G) = 1, then there exists a vertex v with
d(v) = 1. If w is a neighbor of v, then define the function f : V(G) — {-1,1,2} by
f(v)=-1, f(u) =2and f(z) =1for z € V(G)\{u,v}. It is straightforward to verify
that f is a WSRDF on G of weight n—1 and thus v,,sr(G) < n—1. If 6(G) > 2, then
define f(w) = —1 for an arbitrary vertex w € V(G) and f(z) =1 for x € V(G) \ {w}.
Then f is a WSRDF on G of weight n — 2 and thus y,sg(G) < n — 2. O

Theorem 2. If G is graph of order n, then vusr(G) > 2v(G) — n, with equality if and
only if G = K,.

Proof. Let f = (V_1,V1,V2) be a vy,sr(G)-function. Then it follows from Observa-
tion 1 that

Ywsr(G) = V1| +2|Va| — |[V_1| = 2|V1| +3|Va| = n > 2|V U VL —n > 29(G) —n, (1)

and the desired inequality is proved. Clearly, if G = K, then v,sr(G) = n =
27(G) — n. Now assume that G contains at least one edge. Using Proposition 1, we
observe that v,sr(G) < n — 1 and therefore |V_;| > 1. If |V5| > 1, then it follows
from (1) that

Ywsr(G) = 2|V1| 4+ 3|Va| —n > 2|V1 U Va| — n > 29(G) — n.

Therefore assume now that |Va| = 0. Let uw € V_1, and let ,y € V; be two neighbors
of u. The condition f(N[z]) > 1 shows that « has a neighbor in V;\{z}. Furthermore,
since every vertex of V_; has at least two neighbors in V3, we conclude that V4 \ {z}
is a dominating set of G. Hence we deduce from (1) that

71usR(G) = 2‘V1| —-n > QV(G) —n.

O

Proposition 2. If G is graph of order n with minimum degree § > 2, then vu,sr(G) <
n—2[6/2].

Proof. Let ¢t =16/2], and let A = {v1,v2,...,v,} be a set of ¢ vertices of G. Define
the function f : V(G) — {-1,1,2} by f(z) = —1 for x € A and f(z) = 1 for
x € V(G)\ A. Then

f(Nw)) > —t+(0+1—-t)=0+1-2t=06+1-2]6/2] > 1

for each w € V(G). Therefore f is a WSRDF on G of weight n — 2¢ and thus
Ywsr(G) < n — 2t. O
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Proposition 3. If G is graph of order n, then y,sr(G) > A+ 2 —n.

Proof. Let w be a vertex of maximum degree, and let f be a v,sr(G)-function.
Then the definitions imply the desired bound as follows:

yosr(G) = > fl@)= > f@+ > [l
]

zeV(QG) zEN[w €V (G)\N[w]

v

1+ ) f@=21-(n—(AG)+1) =A(G)+2—n.
z€V(G)\N[w]

O

The proof of the next proposition is identically with the proof of Proposition 2 in [1]
and is therefore omitted.

Proposition 4. Let f = (V_1, V1, V2) be a WSRDF of a graph G of order n, A = A(G)
and § = §(G). Then the following holds.

As an immediate consequence of Proposition 4 (c), we obtain a lower bound on the
weak signed Roman domination number of regular graphs.

Corollary 1. If G is an r-regular graph of order n, then vusr(G) > [n/(r +1)].

In the case that G is not regular, Proposition 4 (c¢) and (d) lead to the following lower
bound.

Corollary 2. Let G be a graph of order n, maximum degree A and minimum degree 6.
If 6 < A, then
—2A+26+3
ws > YU
Tar(@) 2 SR 513 "
Proof. Multiplying both sides of the inequality in Proposition 4 (d) by A —§ and
adding the resulting inequality to the inequality in Proposition 4 (c), we yield the
desired lower bound. O
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Example 1. Letp > 2 be an integer, and let v1,va, ..., v, be the vertez set of the complete
graph K,. Now let H be the graph consisting of K, such that each vertex v; is adjacent to
2p — 1 leaves for 1 < i < p. Define the function f : V(H) — {—1,1,2} by f(vi) = 2 for
1<i<pand f(x) = —1 otherwise. Then f is a WSRDF on H of weight

—2A(H) +26(H)+ 3
2A(H) 4+ 6(H) + 3

3p—2p° = n(H).

Therefore Corollary 2 shows that Ywsr(H) = 3p — 2p* and thus Corollary 2 is sharp.

Since f is also a signed Roman dominating function on H, this example also demon-
strates that the inequality

9N +26 43
>_f=rterre
Wr(G) 2 5 e

which can be found in [1] and which follows from Corollary 2, is sharp too.

3. Special classes of graphs

In this section, we determine the weak signed Roman domination number for special
classes of graphs.

Proposition 5. If n > 1, then yusr(Ky) = 1.

Proof.  According to Proposition 3, we have v,,sg(K,) > 1. If n is even, then assign
to one vertex the weight 2, to n/2 vertices the weight -1 and to the remaining (n—2)/2
vertices the weight 1. On the other hand, if n is odd, then assign to (n+1)/2 vertices
the weight 1 and to the remaining (n — 1)/2 vertices the weight -1. In both cases, we
produce a WSRDF of weight 1, and thus v,sr(Ky) < 1, and so yysr(K,)=1. O

Proposition 6. If n > 2, then ywsr(Ki,n—1) = 1, unless n = 3, in which case
’szR(KIQ) =2.

Proof. Let w be the central vertex and vy, vs,...,v,—1 be the leaves of Kj,_1.
According to Proposition 3, we have vysp(K1,n—1) > 1. If n = 2p is even, then define
fby flw)=2, f(v;))=—-1for 1 <i<pand f(v;,) =1 for p+1<4i<2p—1. Then
fis a WSRDF on Kj 1 of weight 1 and thus ,sr(K1n,—1) =1 in this case.

If n = 2p+11is odd, then it is easy to see that vysr(K1,2) = 2. Let now p > 2. Define
fby flw) =2, flv;) = -1for 1 <i<p+1, f(v;) =1forp+2<i<2p—1and
f(v2p) = 2. Then f is a WSRDF on K ,,_1 of weight 1 and thus yysp(K1n-1) =1
also in this case. O]
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Propositions 5 and 6 show that Proposition 3 is sharp. Since the function f in the
proof of Proposition 6 is also an SRDF on K ,_1, we deduce the following corollary,
which corrects Observation 5 in [1].

Corollary 3. Ifn > 2, then ysr(Ki,n—1) = 1, unless n = 3, in which case vsr(K1,2) = 2.

Proposition 7. If C, is a cycle of length n > 3, then vu,sr(Cn) = [n/3] when n =
0,1 (mod 3) and Yuwsr(Cr) = [n/3] + 1 when n = 2 (mod 3).

Proof. Let C,, = vivy...v,v1. Applying Corollary 1, we observe that v, sgr(Cp) >
[n/3].

Let first n = 3p for an integer p > 1. Define f(vs;) = —1 and f(vsi—2) = f(vsi—1) =1
for 1 <i < p. Then f is a WSRDF on C,, of weight p = n/3 and thus ~,sr(Cp) < p.
Therefore v,s1(Cp) = [n/3] in this case.

Let second n = 3p+1 for an integer p > 1. Define f(vs;) = —1, f(vsi—2) = f(vsi—1) =
1forl<i<pand f(vsp41) =1. Then f is a WSRDF on C,, of weight p+1 = [n/3
and thus v,sr(Cr) < [n/3]. Therefore v,sr(Cy) = [n/3] in this case.

Finally, let n = 3p + 2 for an integer p > 1, and let f be a ~,sgr(Cy)-function. If
f(z) > 1 for each z € V(C,,), then v,sr(Cr) > n > [n/3] 4+ 1. Let next, without loss
of generality, f(v1) = —1. Then f(vsp+1), f(v3p42) > 1 and we obtain

p

Tusi(C) = F(V(C) = f(vapn) + Flospea) + 3 FNosima]) = p+2= [2] 41,

i=1

Otherwise, define g(vs;) = —1, g(vzi—2) = g(vsi—1) =1 for 1 < i < p and g(vsp+1) =
g(vsp42) = 1. Then g is a WSRDF on C,, of weight p + 2 = [n/3] + 1 and thus
Ywsr(Crn) < [n/3] + 1. Therefore v,sr(Cr) = [1n/3] + 1 in this case. O

In [1], the authors have shown that vsg(C,) = [2n/3]. Thus we deduce from Propo-
sition 7 that the difference ysr(G) — ywsr(G) can be arbitrarily large.

Proposition 8. Let P, be a path of order n > 1. Then vuwsr(P2) = 1, Ywsr(Pn) = [n/3]
when n = 1 (mod 3) and Yuwsr(Prn) = [n/3] + 1 when n = 0,2 (mod 3) and n > 3.

Proof. Let P, =vjvy...0,, and let f be a yysr(Py,)-function.

First assume that n = 3p + 1 for an integer p > 0. If p = 0, then the result is trivial.
If p > 1, then we observe that f(v1) + f(v2) > 1 and f(vsp) + f(vapy1) > 1. This
leads to

p—1
Yusr(Pa) = f(V(Pn)) = f(v1) + f(v2) + f(vsp) + f(vsp41) + Y f(N[vgip1])
=1

v

2+p—1:p+1=[§1.
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Next define g(vsi+1) = —1 for 0 < i < p, g(ve) = g(vsp) = 2 and g(v3;) = g(vsi42) =1
for 1 <i < p—1. Then g is a WSRDF on P, of weight p+ 1 = [n/3] and thus
Ywsr(Prn) < [n/3]. Therefore v,sr(P,) = [n/3] in this case.

Second assume that n = 3p for an integer p > 1. If f(v1) + f(v2) + f(v3) > 2, then
we obtain

Ywsk(Pn) = f(V(Pn)) = f(v1) + f(v2) + f(vs) + Z f(N{vsit2])

n

3

v

2+p—1=p—|—1:’7 ]+1.

Next assume that f(v1) + f(v2) + f(v3) = 1. This is only possible when f(v;) =
f(v2) =1 and f(vs) = —1. Then f(vq) > 1, and it follows that

Ywsr(Pn) = f(V(Pn)) = f(v1) + f(v2) + f(vs) + f(va) + Z f(N[vsi]) + f(N[vsp])
> 24p-2+l=ptl= {g} g

Now define g(vs;) = —1 for 1 < ¢ < p, g(vsp—1) = 2 and g(vsi—2) = g(vsi—1) =1 for
1 <i<p-—1and g(vsp—2) = 1. Then gis a WSRDF on P, of weight p+1 = [n/3]+1
and thus v,sr(P,) < [n/3] + 1. Therefore vysr(P,) = [n/3] + 1 in this case.

Finally, asume that n = 3p 4 2 for an integer p > 0. Clearly, v,sr(P2) = 1. Let now
p> 1. If f(v1) + f(v2) + f(vs) > 2, then we obtain

’szR(Pn) = f(V(PTL))

= f1) + F(v2) + f(vs) + Y F(N[vsiga]) + f(vspr1) + [ (vsps2)

=1

n
2+p—1+1=p+2=[g

v

[+t

Next assume that f(vi)+ f(v2) + f(vs) = 1. Then f(vy) = f(v2) =1 and f(vs) = —1
and hence f(vy), f(vs) > 1. We conclude that

P

Ywsr(Pn) = f(V(Py)) = f(v1) + f(va) + f(v3) + f(va) + f(v5) + Y f(N[vsis1])
=2
>3+p—1=p+2= [%-‘ + 1.

Conversely define g(vs;) = —1 for 1 < ¢ < p and g(vs;—2) = g(vzi—1) = 1 for 1 <
i < p+4+ 1. Then g is a WSRDF on P, of weight p + 2 = [n/3] + 1 and thus
Ywsk(Pn) < [n/3] + 1. Therefore vysr(Py) = [n/3] + 1 in this case. O
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If G is 1-regular of order n, then v,sg (G) = n/2. Corollary 1 implies v sr(G) > [n/3]
when G is 2-regular, and it follows from Proposition 7 that v,sz(Cp) = [n/3] when
n = 0,1 (mod 3). Therefore Corollary 1 is tight if » = 1,2. By Proposition 5, the
lower bound of Corollary 1 is also tight if » = n—1. In [1], the authors have construct
cubic graphs H of order n with the property that vsg(H) = n/4. Since ysr(G) >
Ywsr(G) = [n/4] for each cubic graph, Corollary 1 implies ysg(H) = Yuwsr(H) = n/4.
Therefore Corollary 1 is also tight for r = 3. Next we will show that Corollary 1 is
tight forr =n -2 and r =n — 3.

Proposition 9. If G is an (n — 2)-regular graph of order n > 4, then vusr(G) = 2.

Proof. Since G is (n — 2)-regular, the graph is isomorphic to the complete r-partite
graph Ky, n,,..n, With r > 2 and n; = ng = ... = n, = 2. Corollary 1 implies
Yusr(G) = [nf(n—1)] =2,

Now let X; = {z;,y;} be the partite sets of G for 1 < ¢ < r. Define f(z;) = f(y1) =1
for 1 <i<rand f(y;) = —1 for 2 <i <r. Then f is a WSRDF on G of weight 2
and thus v,sr(G) < 2. Therefore v,5r(G) = 2. O

Example 2. Let H be the complete r-partite graph with r > 2 and the partite sets
X1, Xo,..., X, such that | X1| = |{a,b,u,v}| = 4 and |X;| = 3 for 2 < i < r. Now let G
consisting of H with the additional edges ab and uv. Then G is an (n — 3)-regular graph of
order n = 3r + 1. Corollary 1 implies vsr(G) > Ywsr(G) > [n/(n —2)] = 2.

Now let X; = {xi,yi,2:} be the partite sets of G for 2 < i < r. Define f(x;) = f(a) =
fw)y=2for2<i<rand f(b) = f(v) = f(y;) = f(z:) = =1 for 2 < i < r. Then f is
a WSRDF (even an SRDF) on G of weight 2 and thus yuwsr(G) < vsr(G) < 2. Therefore
Ysr(G) = Ywsr(G) = 2.

Proposition 10. If S(r,s) is the double star with 7, s > 5, then vuwsr(S(r,s)) = —2.

Proof. Let u and v be two adjacent vertices of S(r,s) such that u is adjacent to r
leaves and v is adjacent to s leaves. If f is a y,sr(S(r, s))-function, then the definition
implies

w(f) = f(N[u]) + f(N[v]) = f(u) = flv) 21+1-2-2==2

and 8o Yyusr(S(r,s)) > —2.

Conversely, let 7 = 2p + 1 and s = 2¢ + 1 be odd. Define f by f(u) = f(v) = 2.
In addition, we assign the weight -1 to p + 2 leaves of u, the weight 1 to p — 1
leaves of u, the weight -1 to ¢ + 2 leaves of v and the weight 1 to ¢ — 1 leaves of v.
Then f is a WSRDF on S(r, s) of weight -2 and thus ~,,szr(S(r, s)) < —2. Therefore
Ywsr(S(r, s)) = —2 in this case.

Let » = 2p and s = 2¢ be even with p,q > 3. Define f by f(u) = f(v) = 2. In
addition, we assign the weight -1 to p 4+ 2 leaves of u, the weight 1 to p — 3 leaves of
u, the weight 2 to one leaf of u, the weight -1 to g + 2 leaves of v, the weight 1 to
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q — 3 leaves of v and the weight 2 to one leaf of v. Then f is a WSRDF on S(r, s) of
weight -2 and thus v,sr(5(r, s)) < —2. Therefore 7v,sr(S(r, s)) = —2 in this case.

The cases r even and s odd or r odd and s even are similar to the cases above and
are therefore omitted. O

Since f is also a signed Roman dominating function on S(r, s) in the proof of Propo-
sition 10, we also have vsr(S(r,s)) = —2 when 7, s > 5. The proof of Proposition 10
shows that v,sr(5(3,s)) = —2 for s > 5. In addition, it is straightforward to verify
that —2 < y,sr(S(r,s)) <0 for r,s > 2.

Proposition 11. If p > 4 is an integer, then vysr(Kpp) =4 and yusr(Ks,3) = 3.

Proof.  In [7], the authors have shown that ysg(K,, ,) = 4 for p > 3. Hence it follows
that vysr(Kpp) < Yvsr(Kpp) = 4. In the case p = 3, define g(z1) = g(z2) = g(x3) =
1, g(y1) = g(y2) = —1 and g(y3) = 2. Then g is a WSRDF on K3 3 of weight 3 and
thus v,sr(K33) < 3.

Conversely, assume that f is a vyusr(Kpp)-function, and let X = {x1,29,...,2,}
and Y = {y1,92,...,yp} be the partite sets. Assume first that f(z;) > 1 for each
i€{1,2,...,p}. Then

Yuwsr(Kpp) = f(N[z1]) + f(X \{z1}) > 1+p—-1=p.

If f(y;) >1for 1 <i<p,then we obtain analogously Vusr(Kpp) > p.
Now assume, without loss of generality, that f(z1) = f(y1) = —1. Then

YwsrR(Kpp) = f(N[z1]) + f(N[y1]) = f(21) = f(y1) 21+ 1+1+1=4.

Therefore vysr(Kpp) > 4 and thus vysr(Kp,p) = 4 when p > 4 and vsr(Ks3) =
3. O

4. Further lower bounds

A set S C V(Q) is a 2-packing of the graph G if N[u] N N[v] = 0 for any two distinct
vertices u,v € S. The maximum cardinality of a 2-packing in G is the 2-packing
number, denoted by p(G) = p.

Theorem 3. If G is a graph of order n, minimum degree § and packing number p, then
Ywsr(G) > p(d +2) — n.

Proof.  Let {vi,v2,...,v,} be a 2-packing of G, and let f be a 7,,sr(G)-function. If
we define the set A = J{_, N[v;], then since {v1,v2,...,v,} is a 2-packing, we note

that
P

Al = (d(v:) +1) > p(5+1).

i=1
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This leads to

p

Yosr(@) = Y f@) =Y f(NP)+ Y fl@)

2€V(G) i=1 2€V(G)\A
>pt+ >, f@=p-n+lAlZp—n+pd+1)=pl+2)—n,
z€V(G)\A
and the proof is complete. O

The next example will demonstrate that the bound in Theorem 3 is sharp.

Example 3. Let F be an arbitrary graph of order t > 1, and for each vertex v € V(F)
add a vertez-disjoint copy of a complete graph Ks (s > 2) and identify the vertex v with
one vertex of the added complete graph. Let H denote the resulting graph. Furthermore, let
Hiy, Hs,...,H; be the added copies of Ks. Fori=1,2,... t, let v; be the vertex of H; that
is identified with a vertexr of F. We now construct a WSRDF on H as follows. For each
1=1,2,...,t, let f; : V(H;) = {—1,1,2} be the WSRDF on the complete graph defined as
in Proposition 5 such that fi(vi) > 1. As shown in Proposition 5, we have w(f;) = 1. Now
let f:V(H) — {-1,1,2} be the function defined by f(v) = fi(v) for each v € V(H;). Then
f is a WSRDF of H of weight t and hence vwsr(H) < t. Since n(H) =ts, 6(H) =s—1
and p(H) = t, Theorem 3 implies that vwsr(H) > p(H)(6(H) +2) — n(H) > t. Thus
Ywsr(H) > p(H)(6(H)+2)—n(H) = t. Consequently, ywsr(H) = p(H)(6(H)+2)—n(H) =t.

For a subset S C V(G), we let ds(v) denote the number of vertices in S that are
adjacent to the vertex v. For disjoint subsets U and W of vertices, we let [U, W]
denote the set of edges between U and W. Now let f = (V_1,V;,V5) be a WSRDF.
For notational convenience, we let V1o = V1 UVa, |Via| = n1a, |Vi| = ny and V2| = ns.
Furthermore, let |V_1| = n_; and son_; = n—nqs. Let G132 = G[V12] be the subgraph
induced by Vi3 and let Gya have size mya. For i = 1,2, if V; # 0, let G; = G[V;] be
the subgraph induced by V; and let G; have size m;. Hence mya = my+mao+|[V4, V2]|.

For k > 1, let Ly be the graph obtained from a graph H of order k by adding 2d g (v)+1

pendant edges to each v of H. Note that L; = Ky. Let H = {Ly |k > 1}. In [1], one
can find the following lower bound on the signed Roman domination number.

Theorem 4. [1] If G is a graph of order n and size m without isolated vertices, then

3n—4m

”YsR(G) > 2

with equality if and only if G € H.

Using the ideas in [1], we obtain the following improvement of Theorem 4.
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Theorem 5. If G is a graph of order n and size m without isolated vertices, then

3n—4m

YwsR (G) Z 9

with equality if and only if G € H.

Proof. Let f = (V_1,V1,Va) be a 7Yusr(G)-function, and let V2, C V_; be the
maximum set such that each vertex v € V2, has at least one neighbor in V5. In
addition, let V1, = V_; \ V2,. Since each vertex of V1, has at least two neighbors in
V1, we observe that

VL[ < V2LVl = ) dya (v).

veVy

For each v € V;, we have 1 < f(N[v]) = f(v) + 2dy,(v) + dv, (v) — dv_, (v) and so
dy_, (v) < 2dy,(v) 4+ dy, (v). Hence we obtain

VL < D dya, () < Y dv,(v)

veVy veVy
< > (2dv, (v) +dy, (v)) = 2|[Vi, Va)| + 2ma.
veVy

Since each vertex of V2, has at least one neighbor in V3, we have

V2] < [[V2, V]l = D dye (v).

veVs

For each v € Vo, we have 1 < f(N[v]) = f(v) + 2dy,(v) + dv, (v) — dy_, (v) and so
dy_, (v) < 2dy,(v) 4+ dy, (v) + 1. This leads to

D dye () <> dv, (v)

veEVa veEVa

D (2dv, (v) + dv, (v) + 1) = dmg + [V, Vo] | + e
veEVs

= 4TI’L12 + ng — 4m1 — 3|[V1, VQH

IN

V2]

IN

Combining the corresponding inequalities, we obtain

n—p = |V,11‘ + |V31| S |[V1,V2]| —+ mq +4m12 —+ no —4m1 —3‘[‘/1,‘/2“
= 4dmqa + n2 — 3my — 2|[V4, V2|
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and so mi2 > (n—1 — n2 + 3my + 2|[V4, V2]|)/4. Hence we deduce that

m > mag + |[V_1, Vio]|

Y

1
Z(H_l —ng + 3my + 2|[V1, Va|) + 11

1
4
1

Z(Bn — 6n12 + ny + 3my + 2|[V1, V2]))

(5n_1 —na + 3my + 2[[V1, V2]|)

This yields
1
N1 > 6(571 —4m + ny + 3my + 2|[V1, V5]|)
and thus
Ywsr(G) = 2ng+mn1 —n_1 =3na+2n1 —n=3n12 —n—ny

1
> 5(5n—4m—|—n1 +3my + 2|[V1, V2]|) —n—nq

%(Sn —4m) + %(3m1 +2|[V1, Va]| — n1).

Let ¢(n1) = 3mq + 2|[V1, V2]| — n1. It suffices to show that ¢(nq) > 0, since then
Ywsr(G) > (3n — 4m)/2, which is the desired bound. If ny = 0, then ¢(nq) = 0, and
we are done. Assume now that n; > 1. If v € V5 and dy,,(v) = 0, then since by
assumption there is no isolated vertex in G, we have dg(v) > 1, and every neighbor
of v belongs to V_;. But then we obtain the contradiction f(N[v]) < 0. Hence
dy,,(v) > 1 for each v € V4. We deduce that

d(n1) = 3my +2|[V1, Vo]| —n1 > 2my + [[V1, Va]| — na

= D dvi(v)+ ) dy(v) —m

veVy veVy
= E de(v)—annl—nl:O
veVy

and 80 Yusr(G) > (3n —4m)/2 when ny > 1.

Suppose that v,sr(G) = (3n — 4m)/2. Then all the inequalities above must be
equalities. In particular, V2, = V_1, ny = 0, n1a = ny and so Vis = V5 and V(G) =
Vo U V_;. Furthermore, miy = mo, m = mao + |[V_1, V2]| and |[V_1, V5]| = n_;. This
implies that for each vertex v € V_;, we have dy,(v) = 1 and thus dy_,(v) = 0.
Hence each vertex of V_; is a leaf in G. Moreover, the identity n_; = |V?| =
> vev, (2dv, (v) + 1) shows that dy_, (v) = 2dy,(v) + 1 for each v € V5 and therefore
GeH.

Conversely, assume that G € H. Then it follows from Theorems 4 and 5 that

3n—4m 3n—4m
T < FszR(G) < 7SR(G) = T

and therefore v,sr(G) = %- -
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