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Abstract: Let G be a simple connected graph with degree sequence (d1,da,...,dn)
where A=d; >do>--->dp=6d>0and let u3 > p2 >+ > pp—1 > pn = 0 be the
Laplacian eigenvalues of G. Let K f(G) = n 37} % and 7(G) = L [T72}' pi denote

i=1 n
the Kirchhoff index and the number of spanning trees of G, respectively. In this paper
we establish several lower bounds for K f(G) in terms of 7(G), the order, the size and
maximum degree of G.

Keywords: Topological indices, Kirchhoff index, spanning tree

AMS Subject classification: 05C12, 05C50

1. Introduction

Let G = (V, E) be a simple connected graph (no loops or multiple edges) with vertex
set V(G) = {v1,...,v,} and edge set E(G). Denote by d(v;) or dg(v;) the degree of
vertex v;. If D = diag(dy,da,...,d,) is the diagonal matrix of vertex degrees of G
and A is the (0, 1) adjacency matrix of G, then the matrix L = D — A is called the
Laplacian matrix of a graph G. It is obvious that L is positive semidefinite matrix.
Thus the all eigenvalues of L are called the Laplacian eigenvalues (or sometimes just
eigenvalues) of G and arranged in nonincreasing order:
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2 On relation between the Kirchhoff index and number of spanning trees of graphs

The set of the y;’s is usually called the spectrum of L (or the spectrum of the associ-
ated graph G). The Laplacian eigenvalues of the complete graph K,, are nn=1)
0, and the Laplacian eigenvalues of the complete bipartite graph K,, , are n + m,
n(m=1 m(=1 and 0.

The Wiener index, W (G), originally termed as a ”path number”, is a topological
graph index defined for a graph on n vertices by

and

W(G) =Y dy,

i<J

where d;; is the number of edges in a shortest path between vertices v; and v; in G.
The first investigations into the Wiener index were made by Harold Wiener in 1947
[17] who realized that there are correlations between the boiling points of paraffin and
the structure of the molecules. Since then it has become one of the most frequently
used topological indices in chemistry, as molecules are usually modeled as undirected
graphs. Based on its success, many other topological indices of chemical graphs have
been developed.
In analogy to the Wiener index, Klein and Randié¢ [9] defined the Kirchhoff index,
Kf(G), as

Kf(G) = Z Tija

i<j

where 7;; is the resistance-distance between the vertices 7 and j of a simple connected
graph G, ie. 7 is equal to the resistance between two equivalent points on an
associated electrical network, obtained by replacing each edge of G by a unit (1 ohm)
resistor. There are several equivalent ways to define the resistance distance (see for
example [1, 8, 18]). Gutman and Mohar [6] (see also [21]) proved that the Kirchhoff
index can be obtained from the non-zero eigenvalues of Laplacian matrix, that is

n—1
Kf(G)=n)_ ui
i=1 "

It is well known that a connected graph G of order n has

1 n—1
7(G) = n H Hi
i=1

spanning trees.

In this paper we present lower bounds for the Kirchhoff index of a connected graph
G in terms of the number of spanning trees, the order, the size and the maximum
degree of G. For similar results one can refer to [4, 20].
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2. Preliminaries

In this section we recall some analytical inequalities for sequences of real numbers
that will be used in the sequel.

Let p = (p;) and a = (a;), i = 1,2,...,n, be two sequences of positive real numbers.
Then for any real number r with » > 1 or r < 0, the following inequality holds

n r=1 5, n r
(ZZH) szﬂf > (Zm%) . (1)

If 0 < r <1, then the sign of (1) will be reversed. This inequality is known as Jensen’s
inequality (see for example [15]).

Let a = (a;), 1 =1,2,...,n, be a sequence of non-negative real numbers. In [19] (see
also [10]) the following inequalities are proved.

3

Let p = (p;) and a = (a;), ¢ = 1,2,...,n, be two sequences of positive real numbers
such that p1 +po+ -+ p,=1and 0 < r < a; < R < 400. The following inequality
is proved in [13] (see also [7]).

- “p 1 R r
;Piaigaﬁz (\/:—i—\/;)

Let a; > ag > -+ > a, > 0 be a sequence of real numbers. In [2] the following was
proved:

2

3)

Zaz——n<Hai> > (var - van)® . (4)
=1 =1

3. Main results

In this section we present some lower bounds on the Kirchhoff index of a graph. First
we provide a lower bound for Kirchhoff index of a graph G in terms of number of
spanning trees t, the order, the size and the maximum degree.
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Theorem 1. Let G be a simple connected graph with n > 3 vertices and m edges. Then

n(n —2)3

Kf(G)>1+ -
n=3)2m—-A—-1)4+(n-2) (n&(i)) =

(5)

with equality if and only if G 2 K, or G =2 Ky p—1, or G = Knn for even n.

2

Proof. For r = 3 we rewrite inequality (1) as

n—1 2n-1 n—1 3
(Zm) > piad > (me) :
i=2 i=2 i=2

For p; = \/u; and a; = \/%, i=2,3,...,n— 1, the above inequality becomes

i=2 7t

n—1 2 n—1
1
(Z m-) (Z ) > (n—2)°. (6)
=2 H
Similarly, we can rewrite left-hand side of inequality (2) as
n—1 2 n—1 n—1 ﬁ
(Z@) <(n=3)> ai+(n-2) (Hai>
i=2 i=2 i=2
For a; = p;, 1 =2,3,...,n — 1, the above inequality transforms into
=

n—1 2 n—1 n—1
) (it
=2 =2 =2

i.e.
1

nT(G)>"—2 |

M1

n—1 2
(Zm) < (n=3)(2m— ) + 0-2)

From (6) and (7) we get

<<n ~)m ) + (n-2) () ) (e - 1)z -

Since 1 + A < 3 < n (see [12, 14]), according to the above we get

n7(G)
1+ A

<<n—3><2m—A— Dt (n-2) ( )) (KFG) —1) 2 n(n—2°, (8)
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wherefrom we arrive at (5).

Equalities in (6) and (7) hold if and only if ye = p3 = -+ = pp—1. Equality in (8)
holds if and only if 1y =1+ A =n and uy = pug = -+ = pup—1. Therefore (see [3])
equality in (5) holds if and only if G = K, or G = K; p_1, or G = Kz » for even
n. O]

Next results are immediate consequences of Theorem 1.

Corollary 1. If G be a simple connected graph with n > 3 vertices, then

_\3
KF(G)>1+ n(n — 2) —
(n=3)(nA = A=1)+(n—2) (")
with equality if and only if G = K,,.
Corollary 2. Let T be a tree with n > 2 vertices. Then
n(n —2)3
Kf(T)>1+ —

(n—3)2n—A—3)+ (n—2) (I%A) "
with equality if and only if T = Ky pn_1.

Remark 1. Laplacian-energy-like invariant, LEL, was defined in [11] by

n—1

LEL =LEL(G) =Y  \/lis-
i=1
According to (6) the following inequality, firstly proved in [4], follows.

2
(LEL(G) — VIt A) (Kf(G) — 1) > n(n—2)*.
Likewise as Theorem 1, the following result can be proved.

Theorem 2. Let G be a simple connected graph with n > 3 vertices and m edges. Then

Kf(G) > n(n—1)° _
2m(n —2) + (n — 1)(n7(G))»—1

with equality if and only if G =2 K, .
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Theorem 3. Let G be a simple connected graph with n > 2 vertices and m edges. Then

w1 (VE=VE)

Kf(G) > +n , 9)
(n7(@))7 o4
with equality if G =2 K.
I . . .
Proof. For a; = ,4=1,2,...,n — 1, the inequality (4) transforms into
n—1

n—1 n—1 n—1 2
1 1 1 1
—>@m-1 ][~ + ( - ) :

=1 i 1 Hi vV HMn—1 VvV H1

- nn-1) (1 1 2
K (G)Z(m((;))ﬁ+ (\/ﬂn—l \/MT> ' (10)

Equality in (10) is attained if G is a complete graph. Suppose that G is not a complete
graph. Then u,_1 <6 by Theorem 4.1 in [5].

Based on the above and inequality g3 > 1+ A > A, inequality (10) leads to the
desired bound. O

Next we establish a lower bound for K f(G) in terms of 7(G), the order and an
arbitrary real number k& with pu,_1 >k > 0.

Theorem 4. Let G be a simple connected graph with n > 2 vertices. Then, for any real
k with the property pn—1 > k >0,

Kf(G) > 2nn= vk (11)
 (n4 k) (nt)n—1

Equality holds if and only if k =n and G 2 K,,.

-1
P’I”OOf. FOI'pZ': K aa/i:MiaR:/J’hT:un—lai:1727"'7n_17theinequahty

n—1

(3) becomes
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ie.

n—1 2
1 1 n_

Based on the AG (arithmeticfgeometric mean) inequality for real numbers (see for

Hn—1

example [16]) we have that

P (f[ 12) = (- r(@) (13)

Using inequalities (12) and (13) we get

i < (i B2) e a0

Since p1 < n and p,—1 > k > 0 we have

() = (i ) - e

From this and (14) we obtain

9 an?(n —1)%nk
Kf(G)? > —
) (n+k)?(n7(G)) "1

wherefrom we arrive at (11). O

Acknowledgement

This paper was supported by the Serbian Ministry of Education, Science and Tech-
nological development, grants TR32009 and TR32012.

References

[1] R.B. Bapat, Resistance distance in graphs, Mathematics Student 68 (1999), 87—
98.

[2] V. Cirtoaje, The best lower bound depended on two fized variables for Jensen’s
inequality with ordered variables, J. Ineq. Appl. 2010 (2010), no. 1, ID: 128258.



8 On relation between the Kirchhoff index and number of spanning trees of graphs

[3] K.C. Das, A sharp upper bound for the number of spanning trees of a graph,
Graphs Combin. 23 (2007), no. 6, 625-632.
[4] K.C. Das and K. Xu, On relation between Kirchhoff index, Laplacian-energy-like
invariant and Laplacian energy of graphs, Bull. Malays Math. Sci. Soc. 39 (2016),
no. 1, 59-75.
[5] M. Fiedler, Algebraic connectivity of graphs, Czech. Math. J. 23 (1973), no. 2,
298-305.
[6] I. Gutman and B. Mohar, The quasi- Wiener and the Kirchhoff indices coincide,
J. Chem Inf. Comput. Sci. 36 (1996), no. 5, 982-985.
[7] P. Henrici, Two remarks on the Kantorovich inequality, Amer. Math. Montly 68
(1961), no. 9, 904-906.
[8] D.J. Klein, Resistance-distance sum rules, Croat. Chem. Acta 75 (2002), no. 2,
633-649.
[9] D.J. Klein and M. Randié, Resistance distance, J. Math. Chem. 12 (1993), no. 1,
81-95.
[10] H. Kober, On the arithmetic and geometric means and on Holder’s inequality,
Proc. Amer. Math. Soc. 10 (1958), 452-4509.
[11] J. Li and B. Liu, A Laplacian-energy-like invariant of a graph, MATCH Commun.
Math. Comput. Chem. 59 (2008), 355-372.
[12] J. Li, W.C. Shiu, and W.H. Chan, The Laplacian spectral radius of some graphs,
Croat. Chem. Acta 431 (2009), no. 1-2, 99-103.
[13] A. Lupas, A remark on the Schweitzer and Kantorovich inequalities, Univ.
Beograd Publ. Electroteh. Fak. Ser. Math. Fiz. 381/409 (1972), 13-15.
[14] R. Merrtis, Laplacian matrices of graphs: a survey, Lin. Alg. Appl. 197/198
(1994), 143-176.
[15] D.S. Mitrinovi¢, J.E. Pe™ cari¢, and A.M. Fink, Classical and new inequalities in
analysis, Springer, Netherlands, 1993.
[16] D.S. Mitrinovi¢ and P.M. Vasié, Analytic inequalities, Springer Verlag, Berlin—
Heidelberg-New York, 1970.
[17] H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem.
Soc. 69 (1947), no. 1, 17-20.
(18] W. Xiao and I. Gutman, On resistance matrices, MATCH Commun. Math. Com-
put. Chem. 49 (2003), 67-81.
[19] B. Zhou, I. Gutman, and T. Aleksié¢, A note on the Laplacian energy of graphs,
MATCH Commun. Math. Comput. Chem. 60 (2008), 441-446.
[20] B. Zhou and N. Trinajsti¢, A note on Kirchhoff indexr, Chem. Phys. Lett. 455
(2008), no. 1-3, 120-123.
[21] H.Y. Zhu, D.J. Klein, and I. Lukovits, Extensions of the Wiener number, J.
Chem. Inf. Comput. Sci. 36 (1996), no. 3, 420-428.



	Introduction
	Preliminaries
	Main results
	References

