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1. Introduction

All the graphs considered in this paper are simple and connected. For vertices u,v €
V(QG), the distance between v and v in G, denoted by dg(u,v), is the length of a
shortest (u,v)-path in G and let dg(v) be the degree of a vertex v € V(G). For
two simple graphs G and H their tensor product, denoted by G x H, has vertex
set V(G) x V(H) in which (g1,h1) and (g2, h2) are adjacent whenever g;gs is an
edge in G and hihs is an edge in H. Note that if G and H are connected graphs,
then G x H is connected only if at least one of the graph is non-bipartite. The
strong product of graphs G and H, denoted by G X H, is the graph with vertex set
V(G) x V(H) = {(u,v) : u e V(G),v € V(H)} and (u,z)(v,y) is an edge whenever
(1) w =v and xzy € E(H), or (i) uwv € E(G) and x = y, or (it3) wv € E(G) and
xy € E(H). The join G + H of graphs G and H is obtained from the disjoint union
of the graphs G and H, where each vertex of G is adjacent to each vertex of H.

A topological indez of a graph is a real number related to the graph; it does not depend
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26 Product version of reciprocal degree distance of composite graphs

on labeling or pictorial representation of a graph. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physic-
ochemical, pharmacologic, toxicologic, biological and other properties of chemical
compounds. There exist several types of such indices, especially those based on ver-
tex and edge distances. One of the most intensively studied topological indices is the
Wiener index; for other related topological indices see [2].

Let G be a connected graph. The Wiener index of G is defined as W(G) =

LS dg(u,v) where the summation goes over all pairs of distinct vertices of

2
u,v € V(G)

G. Similarly, the Harary index of G is defined as H(G) = 1 Y m. Gut-
u,v € V(G) ’

man et al. [7, 8] were introduced the product version of Wiener index as follows

W*(G) = 11 de(u,v). Dobrynin and Kochetova [4] and Gutman [6] inde-

{u,v}CV(G)
pendently proposed a vertex-degree-weighted version of Wiener index called degree
distance or Schultz molecular topological index, which is defined for a connected graph

GasDD(G)=1 > (de(u)+de(v))da(u,v), where dg(u) is the degree of the
u,veV(G)

vertex u in GG. Note that the degree distance is a degree-weight version of the Wiener

index. Hua and Zhang [10] introduced a new graph invariant named reciprocal degree

distance, which can be seen as a degree-weight version of Harary index, that is,

HAQ)=5 Y

u,veV(G), u#v

(dg(u) +dg(v))
dg(u,v) ’

Hua and Zhang [10] have obtained lower and upper bounds for the reciprocal degree
distance of graph in terms of other graph invariants including the degree distance,
Harary index, the first Zagreb index, the first Zagreb coindex, pendent vertices, in-
dependence number, chromatic number and vertex and edge-connectivity. In this
sequence, the product version of reciprocal degree distance is defined as

. de(u) + dg(v)
HA(G) = H dG(’u ’U) .
{u,v}CV(G), u#v ’

The first Zagreb index and second Zagerb index are defined as

Mi(G)= Y de(u)?® and My(G)= Y de(u)da(v).

ueV(G) weE(G)

Similarly, the first Zagreb coindex and second Zagerb coindex are defined as

My(G) = Z (dg(u) + dg(v)) and Mo(G) = Z de(u)dg(v).
w¢ E(G) w¢ E(G)
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The Zagreb indices are found to have applications in QSPR and QSAR studies as
well, see [3]. Various topological indices on tensor product, strong product have been
studied by several authors [1, 5, 9, 11-15].

In this paper, we present upper bounds for the product version of reciprocal degree
distance of the tensor product, join and strong product of two graphs in terms of
other graph invariants including the Harary index and Zagreb indices.

2. Tensor product

In this section, we compute the product version of the reciprocal degree distance of
G x K,.

The proof of the following lemma follows easily from the properties and structure of
G x K. The lemma is used in the proof of the main theorem of this section.

Lemma 1. Let G be a connected graph on n > 2 vertices. For any pair of vertices
Tij, Tp € V(G X K,), r > 3,4, ke {1,2,...,n} j,p€ {1,2,...,7}. Then
() If usur, € E(G), then

it j#p,
daxk, (Tij, Trp) = < 2 if j = p and u;uy is on a triangle of G,
3 if j = p and w;uk is not on a triangle of G.

(it) If usur, ¢ E(G), then daxr, (Tij, Trp) = da (s, ur).
(i) daxk, (Tij, Tip) = 2.

Proof. Let V(G) = {u1,u2,...,u,} and V(K,) = {v1,v2,...,0,}. Let z;; denote
the vertex (u;,v;) of G x K,. We only prove the case when w;u, ¢ E(G), ¢ # k and
j = p. The proofs for other cases are similar.

We may assume j = 1. Let P = u;us us, ... us,ur be the shortest path of
length p + 1 between u; and wy in G. From P we have a (z;1,2k1)-path P, =
Ti1Ts,2 - Ts,_ 205,371 if the length of P is odd, and P; = xj125,2. .. %s,_,27s,2T1
if the length of P is even.

Obviously, the length of Py is p+1, and thus dox k, (21, k1) < p+1 < dg(us, ug). If
there were a (21, xr1 )-path in G x K. that is shorter than p+1 then it is easy to find a
(u;, ug)-path in G that is also shorter than p+1 in contrast to dg(u;, ux) =p+1. O

Remark 1. (Arithmetic Geometric Inequality) Let ai,az,...,an be non-negative num-

bers. Then "\/a1az . ..a, < “to2tetan,

Theorem 1. Let G be a connected graph with n > 2 vertices and m edges. Then

(’f’ _ 1)5nrmnr

Hi(G x K,) < T

[Ha(G) (HA(G) — @ o),



28

Product version of reciprocal degree distance of composite graphs
where t = M and r > 3
u;jup €Eo
Proof.

Set V(G) = {u1,uq,

un} and V(K,) = {v1,ve, v }. Let x;; denote
the vertex (u;, v;) of G x K,.. The degree of the vertex z;; in G x K, is dg(u;)dk, (vj)
that is daxk, (xij) = (r — 1)dg(u;). By the definition of HY, we have
HY(G % Ky)

doxk, (%ij) + dox i, (Tkp)

@ijs whp € V(GXKy) dox i, (@is Thp)
1 1 1 1
_ nl_[ h daxk, (zij) + daxk, (Tip) nl—I h dax i, (zij) + daxk, (k) «
i=0j,p=0 dG><K7 (mzy,zzp) i, k=04=0 dG><KT ("L"L]’l'kj)
J#DP itk
-1
h T dexk, (ziy) +doxr, (Tkp) )
i k=04,p=0 dax k. (Tij, Tep)
i Jj#p
We shall calculate the sums of (1) are separately.
n—1 r—1
dGXKT(mU)“’dGXKT(qu)
First we compute [] T[] R
i=07,p=0
J#p
—1 —1 —1 -1
Ti—[ h GXK, 51] +dG><K (mzp) _ h h 2r—1)dG(uz) (by Lemma 1)
=0j,p=0 dGXKT(:'El]a'IZp) i=04,p=0 2
J#p Ji#p
ln 1 r—1
3 (r = Dde(uq)
i:Oj,_p:O nr
< |: ki ] (by Rem. 1)
nr
_ [2r(r71)2m]7w
- 2nr
(7"—1)2m]m"
S 2
— @)
r—1 n—1
d i5)+d
Next we compute [[ ] G“Z[(IJH o xit (Thy)
Rl Gx Kr (Tij:Thj)
j=04i,k=0
itk

By Remark 1, we have

—1 n-1
1 TZ £ dox i, (Tij)+dax k, (Tr;)
2 d Tk
r—1 n—1 ri=0i,k=0 Gx iy (Tig ks nr
H H doxk, (xij) + daxk, (Tk;) < i
d Tii, T - nr
j=04, k=0 GXK( ijs k?j) L
itk
1 r—1
328
j=0 nr
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Now we compute S. For that, let E; = {uv € E(G) |uv ison a C5 in G} and Ey =
E(G) — E;.

5 - ( "Z_:l n "Z_:l n nz_:l )(deK,.(fBij)+dG><K7-(33kj))
i k=0 i k=0 i, k=0 daxx, (ij; ;)
ik ik ik
uijup ¢ E(G) u;u €Eq ujuy €Eo
(¥ st rdee) RS = Dde )+ do(m)
o da(ui, uk) o 2
itk ik
uw;up EE(G) uup€Ey
n—1
S o Dew) + da<uk>>> (by Lomma 1)
i k=0 3
itk
ujug €Eo
n—1 n—1
da (ui) + dg (ur) da(ui) + dg (uk)
= (r—1 —_— 4 —_—
( ){< i,kz;() da (ui, uk) i,,;o de (ui, ug)
1#k 1#k
“iukéE(G) “'i“feEl
nil dG(ui)+dG(uk)> _ nil dg(ui) +dg(u) nil de (ui) +dG(uk)}
i,l;:o dg(ui, ug) i,l;:o 2 i,1;=0 3
ujup€Eg ujug €E ujug €Eg
n—1 n—1
_ (r—l){QHA(G)— S el tdow) dc<uz)zdc(uk>}
i k=0 i,l;:o
i1#k i1#k
uiuk;éE(G) u;up €Eo
= (T—1)2{2HA(G)—M1(G)— Z dG(ul)—gdG(uk)} (4)
ujug € Eg
Now summing (4) over j = 0,1,...,7r — 1, we get,

de(u;) +dc(uk))_

r—1
>S5 = rlr=1)(2Ha(@) - Mi(G) = Y . (5)

j=0 uiug € Eo
Hence
r(r=1) (31 4 (G) — M{1(G) — > dg(ui)+dg(ug)
A 1 :
7‘1:[1 nﬁl dox Kk, (i) + dax Kk, (15) - [ 2 ( u;up €Eg 3 )}n'r‘
j=0i,k=0 AGx K, (Tij> Tkj) nr
ik
(r — 1)<HA(G> _ M12(G) _ > dQ(ui)'ng(uk))
_ ujul €Ey ]7”' ©

n—1 r—1
d ij)+d
Next we compute [[ ] Gxrty (i) G (Php) By Temma 1 and Remark 1, we
i k=04.p=0 dex i, (Tij Thp)

itk j#Dp
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have
n—1 r—1
% kZ;OJ =, (r 1)(55((5:’)7;%(%) y
iet ]j dax i, (%ij) + dox i, (Tkp)) itk D
i, k=0j,p= dex i, (Tij, Thp - nr )
RIAsl e
[ DPHAG)
N nr
— 1)2HA(G)nr
:[legdi] @
n
Using (1) and the sums A;,A5 and Az in (2),(5) and (7), respectively, we have,
-1 5nr,,nr M (G o
HZ(G X Kr) < (Tn# [HA(G)(HA(G) — % — t):l
where t = w. -

ujur € Ea
Using Theorem 1, we have the following corollaries.
Corollary 1. Let G be a connected graph on n > 2 vertices with m edges. If each edge
of G is on a (5, then

(7,, _ 1)57L’V‘m’ﬂ7‘

n3nr

Mﬂ@ﬂm

H (G x Ky) =< 5

[Ha(G)(HAG) -

where r > 3.

For a triangle-free graph, >  dg(u;)dg(ug) = Ma(G).

u;uk€Ea

Corollary 2. If G is a connected triangle free graph on n > 2 vertices and m edges, then

(T’ _ 1)5nrmnr

n3nr

Hj(Gx Kr) <

[Ha(@) (@) - 2™

where r > 3.

By direct calculations we obtain expressions for the values of the Harary indices of K

n

n n=1
and C,. H(K,,) = "(nil and H(C,) = n( 22: %) — 1 when n is even, and n( 22: %)
=1 1=1
otherwise. Similarly, Ha(K,,) = n(n — 1)? and Ha(C,,) = 4H(C,,).
Using Corollaries 1 and 2, we obtain the H} of the graphs K,, x K, and C,, x K

Example 1. (i) Hi(K, x K;) < M)Mg#
(i1)
(G ACL K T}

H* C’n X K'r < n7‘3 " Snr’ nr
A( ) = { (16)"" (r—1) [(H(Cn))Q _ 2nH?EC'n):| ’ ifn>3.

nanr
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3. Join of graphs

In this section, we compute the product version of reciprocal degree distance of join
of two graphs.

Theorem 2. Let G1 be a graph of order n and size p and let G be a graph of order m
and size q. Then H}(G1+G2) < [(Ml(Gl) +2mp)(M1(G2) +2nq)(M1(G1) + m(n(n—1) —

29))(M1(G2) + n(m(m — 1) = 29))(2mp + 2nq + mn(m + )|,

Proof. Let V(G1) = {u1,us,...,uy} and V(G2) = {v1,vs,...,vn}. By definition of
dG1 (33) —+ |V(G2)‘ ,ifx e V(G1)

the join of two graphs, one can see that, d, =
J grap G1+G2(x) {dGQ(fB) FIV(GL)|, ifz € V(Ga)

and
0, fu=w
da,+a,(u,v) =S 1, if v € E(G1) or wv € E(G2) or (u € V(G1) and v € V(G2))
2, otherwise.
Therefore,

dGl +Go (u) + dG1 +Ga (U)
dGl +G2 (u, U)

H}(G1+G2) =
{u,v}CV(G1+G2)

= H ((dG1 (u) +m) + (dg, (v) + m)) %

uwveE(G1)

(dG1 (u) +m) + (dG1 ('U) +m) «
uvﬁfl;{f;l) 2

[T (o) +n)+ (day(v) +n)) %

uwveE(G2)

(dg, (w) +n) + (dg, (v) +n)

X

uvg;{cz) 2

I1 ((da, (w) +m) + (e, (v) + 1))

uweV(G1), veV(G2)

» (dcl (u) + de, (v) + 2m> w

< [UU€E(G1) ]nm["“’¢E(Gl) ]"m
- nm nm
S (day(w) +da, () + 2n) I
[UUEE(GQ) ]nm[uv¢E(G2) :|n'm
nm nm

(dey (u) + dez (v) + (m +m) )

uweV(Gy), veV(Ga) nm
by R k1
[ - ] (by Remark 1)

[Ml (G1) + zmp] "m [Ml(Gz) + an] " [Ml (G1) + m(n(n—1) — zp)] "

[Ml (G2) + n(m(m —1) — 2q)] " [Zmp + 2ng + mn(m + n)]

This completes the proof. O
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One can observe that M, (C,) = 4n, n > 3, M1(P;) =0, M1(P,) = 4n—6, n > 1 and
M;(K,) = n(n—1)% Similarly, M (K,,) = Mz(K,) = 0. Moreover Ma(P,) = 4(n—2)
and M3(Cy,) = 4n. Using Theorem 2, we have the following corollaries.

Corollary 3. Let G be graph on n vertices and p edges. Then H} (G+Kp,) < [(Ml(Gl)—l—
2mp)(M1(G1) +m(n(n — 1) — 2p))(m(m — 1)(m +n — 1)) (2mp + nm(2m +n — 1))} "

Let K, ,, be the bipartite graph with two partitions having n and m vertices. Note
that Ky, = K + K,

Corollary 4. H(Knm) = Hi(Kn +Km) < (nm)™ [(n —1)(m —1)(m + n)] "

4. Strong product
In this section, we obtain the product version of reciprocal degree distance of GX K.

Theorem 3. Let G be a connected graph with n vertices and m edges. Then

(’I‘ _ 1)21’”‘ 2nr

n3nr

HY(GREK,) = Hy(GRK,) < [(2rm +n(r— 1)] " [THA(G) +o(r — l)H(G))]

Proof. Let V(G) = {u1,us,...,uy}and V(K,) = {v1,va,...,v,}. Let 2;; denote the
vertex (u;, v;) of GRK,. The degree of the vertex ;; in GR K, is da(u;) +dk, (v;) +
da(u;)dk, (vj), that is dew, (zij) = rda(u;) + (r — 1). One can observe that for any
pair of vertices x;;, xxp € V(G K K,), dork, (Tij, ip) = 1 and dork, (Tij, Tep) =
dg(ui, uk).

d ) +d
HY(GRK,) = erk, (*ij) + derr, (Tkp)

255,20y € V(GHE) demr, (Tij, Thp)

n—1 r—1

_ H H dGEK7 xz])""dG&K,(xw)
dGIXKT(zle'zp)

1=07,p=0
J#p

nl:f ﬁ derk, (Tij) + demk, (Tkj)

k= 0720 dowr, (Tij, Thj)
[

=

n—1 r—1

H dork, (Tij) + derk, (Tkp) ®)
dork, (Tij, Tkp)

i,k=037,p=0
itk j#p
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We shall obtain the products of (8) separately. First we compute
n—1 r—
domr, (i) tderi, (W) By Remark 1, we have

1111 doxk, (Tij:Tip) - DY ’
1=074,p=0

J#Fp
[t dG&K xz])"‘dGIZlK (xw) _ it

dG&KT ($z]a $1p)

1 11
gt

(2dc(wi) + 200 = 1) + 2(r = Ddg(w))

(e tu) + 26 = 1) + 200 = Dda(w))

nr
nr :|

_ [27"2(7“ —1)m +nr(r— 1)2]nr
[2r(7‘ —1)m+n(r— I)Z]nr-

PP
;s

IN
—
<
Il
[=}
<.

g»

=t derk, (Tij)+derK, (Tk;)
Next we compute [] [] - . . We have
J =04 k=0 oK, (Tij,Thj)

i £k
dark, (ij) + derk, (Trj)

j=0i k=0 demr, (Tijs Thy)

(do(us) + (r = Vg (us) + da(ur) + (r = Vg (uy) +2(r = 1))

o dg(ug, ug)

1 dg(ui)+da(uy) S 1)

DD v e e IO DR DR 7 crcrre

i=0 iz ? =0, k_ko nr

[ i (by Remark 1)
nr

IN

[TQHA(G) +2r(r — 1)H(G)]m
_ [THA(G) + 2?1“7‘7 l)H(G)]nr

n

(10)

. o T dom (2) Yomi, (k)
Finally we determine []  [] T e
dG&K,w(Iw:wkp)
i,k=037,p=0,
17576 J#Pp
1:[ Tl—[l dewk, (Tij) + doerk, (Trp)

i, k=04,p=0, dGIZIKT(xZvakp)
ik j?ép

r2r=1) " de(us)tde (ug) e S 1
2 i kzjzo dg (ui,uy) +r(r—1) i kz::O dg(ugyug) _
|: ki ki (by Remark 1)
nr

IN

nr

_ [P DAAG) F = 1)2H(G)] :

_ [ DAAG) 2t 1>2H<G>]

n

(11)
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Using (9), (10) and (11) in (8), we have

2nr

HeRK,) = TV [(2rm +n(r - 1)] . [PHAG) +2(r — DH(G))|

n3nr

Using Theorem 3, we obtain the following corollary.

2nr

Corollary 5. HL(C,XK,) < (3r — 1)™" [w]

As an application we present formula for product version of reciprocal degree distance
of closed fence graph, C,, X Ks.

Example 2. By Corollary 5, we have

4n

52n[10(n >i- 1)] , if n is even

Hy (Chn R Ks) < n—1
4n

52n [10 l,] , if n is odd.
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