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Abstract: The first general Zagreb index is defined as M} (G) = ZveV(G) dg(v)*
where A € R — {0,1}. The case A = 3, is called F-index. Similarly, reformulated first
general Zagreb index is defined in terms of edge-drees as EM{(G) = Yecr(@) da (e)*

and the reformulated F-index is RF(G) = ZeeE(G) dg(e). In this paper, we compute
the reformulated F-index for some graph operations.

Keywords: First general Zagreb index, reformulated first general Zagreb index, F-
index, reformulated F-index.
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1. Introduction

We follow Bondy and Murty [3] for terminology and notation not defined here and
consider finite simple connected graphs only. In 1972, Gutman and Trinajstié¢ [7] ex-
plored the study of total m-electron energy on the molecular structure and introduced
a vertex degree-based graph invariants. These invariants are defined as

M(G)= Y de()?= > (de(u)+de(v))

veEV(G) w€eE(G)
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and
My(G)= > (da(u).da(v)).
weE(G)

In the same paper, where first Zagreb index was introduced, Gutman and Trinajsti¢ in-
dicated that another term of the form }°, v ) dg(v)? influences the total g-electron
energy. But this remained unstudied by the researchers for a long time, except for
a few occasions [8, 9, 12] until publication of an article by Furtula and Gutman in
2015 and so they named it forgotten topological index or F-index in short [6]. Thus
F-index of a graph G is defined as

F@) = Y de@P= Y (da(u)+da(v)?).

veV(G) weE(G)

In 2004, Mili¢evié et al. [13] reformulated first Zagreb index in terms of edge degrees
instead of vertex degrees, where the degree of an edge e = wv is defined as dg(e) =
de(u) 4+ dg(v) — 2. Thus, the reformulated first Zagreb index of a graph G is defined
as
EM(G)= Y da(e).
e€E(G)

In 2004 and 2005, Li et al. [9, 12] introduced the concept of the first general Zagreb
index M{}NG) of G as follows:

MMNG) = Y dew)= Y de@’ ' +da()! for A € R —{0,1}.
veV(G) e=uveE(G)

The reformulated version of the general first Zagreb index is defined as

EMMNG)= Y dgle) for A € R — {0,1}.
ecE(G)

For the special case A\ = 3, RF(G) is called reformulated F-index. Graph opera-
tions play an important role in chemical graph theory. Some chemically important
graphs can be obtained from some graphs by different graph operations, such as
some nanotorus or Hamming graph, that is Cartesian product of complete graphs.
Many authors computed some indices for some graph operations (see, for instance
(2, 4, 5, 10, 11] and the references cited therein).

We [1] defined and studied the general Zagreb coindices for A € R as

LG = Y (de@ ! +dee )
wgE(G)
and
LG = Y. (de(wda(v)).
w¢E(G)

In this paper, we compute the reformulated F-index for some graph operations.
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2. The join of graphs

The join G+ H of graphs G and H with disjoint vertex sets V(G) and V(H) and edge
sets E(G) and E(H) is the graph union G U H together with all the edges between
V(G) and V(H). Obviously, |V(G + H)| = |V(G)| + |V(H)| and |E(G + H)| =
[E(G)| + [E(H)| + [V(G)[[V(H).

Theorem 1. Let G; be a graph of order n; and size m; for ¢ = 1,2. Then

RF(G1+ G2) = RF(G1)+ RF(G2) + T2 F(G1) + Tni F(G2) + 12naM2(G1) +
12n1 M2(G2) + 3(571% — 10n2 4+ 2ma + nin2) M1(G1) +
3(511% — 10n1 + 2m1 4+ nin2) M1 (G2) + (Sng — 24n§ + 24ng2)my +
(Sn‘;’ — 24n§ + 24n1)ma + ninz(n1 + na — 2)3 +
2dmima(ni + na2 — 2) + (6ming + 6nime)(n1 + ng — 2)2.

Proof. By definition,

F(G1+ Gsy) = Z (da,+6, (e))g'

e=uveE(G1+G2)

We partition the edge set of G + G2 into three subsets By = E(G1), B2 = E(G2)
and E3 = {e = wv | u € V(G1),v € V(G2)}. For any vertex v € V(G1), we have
dey+c,(0) = dg, (v) + ny and for each vertex u € V(G2) we have dg, g, (u) =
dg,(u) + ny. It follows that

Z (dG1+G2 (uv))S = Z (dGl (u) + dGl (7)) -2+ 2n2)3

uv€e k1 uveEq

= Z (dGl (U‘) + dG1 (’U) - 2)3+

uveEq
> 6na(de, (u) + dg, (v) — 2)°+

uveFE

> 12n3(de, (u) + da, (v + > 8nj

uvEFE uvEFE,
:RF(Gl) + 67?,2F(G1) + 1277,2M2(G1)—|—
(12n3 — 24ny) M (G1) 4 8my(n3 — 3n2 + 3ns), (1)

and

> (da, +a,(€))® =RF(G2) + 6n1 F(Ga) + 12n1 My (Ga) + (1207 — 24n1) My (Ga)+
eclEsy

8mo(n? — 3n? + 3n1). (2)
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If e = uwv € E5 where u € V(G1) and v € V(G2), then we have

Y (doyra,(w)? = > (da, (u) +da, (v) + 11 +ny — 2)°

uwv€Es ueV(G1),veV(Ga)

Z Z dGl +dGz( )) +

uweV(G1) veV(G2)

YooY (e —27°+

’U,GV(G1) ’UGV(GQ)

YooY 3(da(w) +day (v)*(na + 12 — 2)+

ueV(G1) veV(G2)

> Y 3(day(u) + da, (v)(n1 +ny —2)°

u€EV(G1) veV (G2)

= noF(G1) +ni1F(Gs) + 6ma M (G1) + 6my My (Ga)+
ning(ny + ng — 2)%+
3ng(n1 + ne — 2)M1(G1) + 3n1(n1 + ng — 2) M7 (Ga)+
24mima(ny + ng — 2)+
(6ming + 6n1my)(n1 + ng — 2)%. (3)

We conclude from Equations (1), (2) and (3) that

F(G1+ G2) = RF(G1)+ RF(G2) 4+ TnaF(G1) + Tni F(G2) + 12na M3 (G1) +
12n1 My (G) + 3(5n3 — 10ny + 2my + nying) My (Gy) +
3(5n2 — 1001 4 2my + ning) My (Ga) + (8n3 — 24n3 + 24ny)my +
(8n% — 24n? 4 24n1)my + ning(ny + ng — 2)% +
24dmyima(ny + ng — 2) + (6ming + 6nyma)(ng + ng — 2)2.

3. The corona product of graphs

The corona product G o H of graphs G and H with disjoint vertex sets V(G) and
V(H) and edge sets E(G) and E(H) is the graph obtained by one copy of G and
|[V(G)| copies of H and joining the i-th vertex of G to every vertex in i-th copy of
H. Obviously, |V(G o H)| = |V(G)| + |V(G)||V(H)| and |E(G o H)| = |E(G)| +
VIGIIEH)|+ [V(G)[|V(H)|.

Theorem 2. If G; is a graph of order n; and of size m; for i = 1,2, then

RF(G10G2) = RF(G1)+ ™aF(G1) + niF(G2) + 12n2M>(G1) +
(15n3 — 27n2 + 6m2) M1 (G1) +
niRF(G2) + 6n1 EM1(G2) + 12n1(M:1(G2) — 16ms) + (3n1(nz — 1) +
6m1)Mi1(G2) + 24mima(ne — 1) 4+ (6ming + 6nima)(ne — 1)2.
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Proof. Suppose V(G1) = {v1,...,vn,} and V(G2) = {u1,...,upn,}. Let By =
E(G1), Bl = E(GY) and Ei = {vju; | 1 <j <ng}for 1 <i<ny. Then E(G10Gs) =
By U (UM EY) U (UM EY) is a partition of E(G7 o0 Gs). Using an argument similar to
that described in the proof of Theorem 1, we have

> (deyoq, (uv))® =RF(G1) + 6n2F(G1) + 1205 My (G1)+
ecF,

(12n2 — 24n9) M1 (G1) + 8my(ns — 3n3 + 3ny). (4)

For any edge uv € Ej, we have dg,.q,(uv) = dg,(u) + dg,(v) and hence

Z Z dG10G2 ’lL’U Z Z dGz +dG2( )_2+2)3

1=1 uUEE’Z i=1 LwEE’

—Z > (e, (u) + de, (v) — 2)*+

=1 u'uEE‘

Z Z (da, () + da,(v) — 2)%+

=1 quE1

Z > 12(dg, (u) + da, (v) — 2) +Z > 8

=1 ywweE} =1 ywweEB}

:anF(Gg) + 6711EM1(G2) + 12711(M1(G2) — 16m2) (5)

On the other hand, we have

ny n2

Z Z dGloGz UU ZZ dGIOGZ Ulu]

llquEZ i=1j=1

niy n2

- Z Z(dc1 (vz) + dG2 (uj) + Ty — 1)3

niy n2

_ZZdGl v; +dG2 ’u,] Z Z 2—1 +

=1 j=1 ueV(G1) veV(G2)

Z Z dGl ’Ul + dG2 (uJ))Z(nQ - 1)+

weV (G1) veV(G2)
Y B, () + day(ug))(ms 17
weV (G1) veV(G2)
=no F'(G1) + n1 F(G2) + 6mao M, (G1) + 6mq M (Ga)+
ning(ng — 1) + 3ng(ng — 1) M1 (G1)+
3ny(ne — 1)M71(Gsa) + 2dmyma(ne — 1)+
(6m1ng + 6nyms)(ng — 1)2. (6)
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Summing up the Equalities (4), (5) and (6) we obtain,

RF(G10Gy) = RF(G1) + ™2 F(Gy) + ni F(Gs) + 12naMo(Gy) +
(15n3 — 27ny + 6mo) M1 (G1) + ny RF(Gs) + 6n1 EM; (Gy) +
12n1 (M71(G2) — 16ms) + (3n1(ne — 1) + 6my ) M, (Gs2) +
24mima(ng — 1) + (6myng 4+ 6nims)(ng — 1)%

4. The Cartesian product of graphs

The Cartesian product G x H of graphs G and H has the vertex set V(G x H) =
V(G) x V(H) and (u,z)(v,y) is an edge of G x H if wv € E(G) and = = y, or
u=wvand zy € E(H). Obviously, |[V(G x H)| = |[V(G)||[V(H)| and |E(G x H)| =
|E(G)||[V(H)|+|V(G)||E(H)|. If G1,Gs,...,G, are arbitrary graphs, then we denote
Gi1 x -+ x Gy by ®;L:1G,'.

Lemma 1. (M.H. Khalifeh et al. [11]) Let Gy = (Vi, E1),...,Gn = (Va, Ey) be graphs
and let G = ®;=,G; and V = V(®i=,G;). Then

+4v| > | _” ?‘.

n " M1 (G
Mi(E7G) = V]S ‘1(|)
i=1 i#Gyini=1

Vi
In particular, M1 (G™) = n|V(G)|[""2(M1(G)|V(G)| + 4(n — 1)|E(G)|?).

Lemma 2. (M.H. Khalifeh et al. [11]) Let G = (Vi, E1),...,Gn = (Va, E,) be graphs
and let G = LG, V = V(®i2,G;) and E = E(®7~,;G;). Then

i=1
- | Eil| E5] | Ex|
4 12l B 11 2k
LD DR A

iyd, k=1,i#£j,itk,j#£k
In particular,
Ma(G™) = 0|V (G)["([V(G) [ M2(G)+3(n—1)|[E(G)||V (G) | Mi (G)+4(n—1) (n—2) |[E(G) ).

Lemma 3. (De Dilanjan et al. []) Let G1 = (Vi, Ev),...,Gn = (Vp, Ey) be graphs and
let G =®,Gi, V=V(®i2,G;) and E = E(®j=,G;). Then

n _ ~ Mi(G) —~ |E(G)| |EG))
FEmG) =IVI2 Ty 44 D G (G

i,5=1,i#j
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Now we determine the reformulated F-index of the Cartesian product of graphs.

Theorem 3. Let G; be a graph of order n; and size m; for ¢ = 1,2. Then

RF(Gl X Gz) anRF(Gz) =+ ’rLQRF(G1) + 12(TTL2EM1 (Gl) + mi1 EM,; (Gz))+
24M1 (Gz)Ml (Gl) — 24(m1M1 (G2) + m2M1(G1))+
8(m1F(G2) + sz(Gl))

Proof. Suppose V(G1) = {u1,...,upn, } and V(Gs2) = {v1,...,vn,}. Set E; =
{(u,v;)(v,v5) | ww € E(Gy)} for 1 < i < ng and L; = {(uj,z)(uj,y) | zy € E(G2)}
for 1 < j < mny. Clearly (U2, E;) U (U7L, L;) is a partition of V(G x G2). Since
da,y xas (Ui, v5) = da, (u) + d32 (vj) for each 14, j, we have

i > (e e ((u,0:) (v, 07)) Z > (da, () + de, (v) = 2+ 2dg, (v:))?

=1 wweE(G1) =1 wweE(G1)

—Z > (e, (u) +dg, (v) — 2)*+

=1 wweE(G1)

Z Z 6(dc, (u) +dg, (v) — 2)2dG2 (vi)+

i=1 wweE(G1)

SN Y 12(de, (u) + da, (v) — 2)d, (i) +

=1 wweE(G1)
Z > 8dy,(v:)
i=1 wweE(G1)
= nQRF(Gl) + 12m2EM1(G1)+
12M1(G2)(M1(G1) — 2m1) + SmlF(Gg)

(7)
Similarly, we have
Z > (deyxa ((uj,u)(uj,v)))* =n1 RF(G2) + 12my EMy (G2)+
Jj=1luwveE(Ga)
12M1(G1)(M1(G2) — 2m2)—|—

Summing up Equations (7) and (8), we obtain

RF(Gl X Gg) = anF<G2) + TLQRF(Gl) + 12(m2EM1 (Gl) + mlEMl(Gg))—l—
24M1(G2)M1(G1) — 24(m1M1(G2) =+ mng(Gl)) + 8(m1F(G2)—|—
mgF(Gl))
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O

Example 1. As regards, for natural numbers n,m, M1(Cy) = EM:1(Cy) = 4n, F(Cy)
RF(C,) = 8n, M1(Py) = 4m — 6, EM(Py) = 4m — 10, F(Py) = 8m — 14 and RF(Py,)
8m — 22,

1. RF(Cy x Cp) = 432mn.
2. RF(Cn X Py) = 432mn — 702n.

3. RF(P, x Py) = 432mn — 582(m + n) + 1008.

Example 2. Let T = T[p,q] be the molecular graph of a nanotorus (Figure 1). Then
[V(T)| = pq and |E(T)| = 2pq. Obviously, Mi(T) = 9pq, EM:(T) = 24pq, F(T) =
27pq and RF(T) = 96pq. Therefore for a g-multi-walled nanotorus G = P, X T we have
RF (P, x T) = 1280npq — 1738pq.

Theorem 4. Let G1,Ga, -+ ,Gy be graphs with V; = V(G;) and E; = E(G;) for
1<i<n,and V =V (®,G;) and E = E(®;=,G;). Then

RF(®7-1G:) ZRF ) IT Wil + 120 En EMy(8715)Ga) +
j=1,j#1
\E(@?:fGi)IEMI(Gn)) — 24(|En| My (®75' Gi) +
|E(QI G| M1 (Gn)) + 8(|En| F(R7Gh) + |E(®@7 G| F(Gr)) +

n—3 J

24M: (G) My (®71'Gi) + 24D [ Vo il Ma(Gi 1) My (@757 Gy) +
j=0 i=0

J

ZHWn i+1|[|En—i| (12EMy (72" Gi) — 24Mi (@72 Gy)) +

Jj=11i=1
8F(®{2) ' Gi) + |B(®;5 ' Gi)|(12EM1(Gn—i) —
24 M, (anl) =+ SF(ani) ]

Proof. The proof is by induction on n. According on Theorem 3, the statement
holds for n = 2. Clearly, |E(®1,Gy)| = V| L1, [ and [V(®1,Gy)| = [T, Vil -
One can see that for every graph G, E(M1(G)) = F(G) + 2M2(G) + 4m — 4M; (G).
Now with applying the Theorem 3 for ®] ,G; = ®Z’-L:_11Gi x G, and induction, the
proof is completed. O

5. The composition product of graphs

The composition G[H| of graphs G and H has the vertex set V(G[H]) = V(G)xV (H)
and (u,z)(v,y) is an edge of G[H] if (wv € E(G)) or (zy € E(H) and u = v). Obvi-
ously, [V (G[H])| = [V(G)||V(H)| and |E(G[H])| = |E(G)||V(H)|* + |E(H)||V(G)].
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Figure 1. The graph of a nanotorus

Theorem 5. Let G1 be a graph of order n; and size m; and let G2 be a graph of order
no and size my. Then

RF(G1[G2]) = RF(G1)n3 +mi(RF(G2) + RF(G2)) 4+ 8minj +
4nama (EMy (Gz) + EMi(G2)) + 8n3ma (M (Ge) + M1 (Gz) — 2) +
203 EM:(G1) (M1 (Ga) 4+ Mi(G2) — 2 + 2n2) +
202 (M1 (G1) — 2ma)(EM1(G2) + EM;(Gs) + 4n3) +
8mans F(G1) + RF(G2) + 12n3 M, (G1) (M1 (G2) — 2ms) +
12nomi EM: (G2).

Proof.  Suppose V(G1) = {u1,...,un, } and V(G3) = {v1,...,v,,}. We partition
the edges of G1[G3] into two subsets E; and Fs, as follows:

Set L = {e = (u,z)(v,y) | wv € E(G1)} and E; = {(us, x)(us,y) | 2y € E(Ga)} for
1 <i<mny. Clearly (UX,E;) UL is a partition of V(G1[Gs]).

Let e = (uw,z)(v,y) € L. Then dg g,(u,z) = nodg,(u) + dg,(z) and
da, () (u, ) (v, y) = n2(da, (u) + da,(v)) — 2 + dg,(x) + dg,(y). In this case we
notice that zy can be adjacent in G5 or not.
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>

e=(u,2)(v,y) , c€L

d:’éﬂGz](e)

Y. [ne(de, (u) +da, (v) —2) -2+

e=(u,z)(v,y)
ecL

da, (@) + d, (y) + 2n2]?

> [M3(da, (w) +da, (v) —2)° +
g
(da, (@) + da, (y) = 2)° + 8n3 +
4nz(da, () + da, (y) — 2)% + 8n3(da, () + da, (y) — 2) +
2n3(dg, (u) + da, (v) — 2)*(dg, (2) + da, (y) — 2+ 2n2) +
2n2(da, (u) + da,y (v) — 2)((da, (=) + da, (y) — 2)% + 4n3)]
RF(G1)n3 + m1(RF(G2) + RF(G2)) + 8min3 +
4nom1(EM1(G2) + EM1(G2)) +
8n3ma(M1(Ga) + M1(Gz2) — 2) +
2n3 EM;(G1)(M1(G2) + Myi(Ge) — 2 + 2n2) +
2n2 (M1 (G1) — 2my)(EM1(G2) + EMy(G2) + 4n3).

Let e = (ui, x)(ui, y) € E;. Then

dGl[Gz] (ui7 l‘) (ui7 y) = 2n2dG1 (ul) -2+ dGz (.T) + dGz (y)

and we have

>

e=(u,2)(uy) , €,

A, (aa(e) =

Z 2n2dg, (u) — 2 + da, (z) + da, (y)]?

= > [8nddd, () + (dey (@) + dey (y) — 2)* +

e=(u,z)(u,y)
eckE;

12n3de, (u)(de, () + da, (y) — 2) +
6nada, (u)(da, () + da, (y) — 2)?

= San%F(Gl) + RF(GQ) +

12’[’1,%M1(G1)(M1 (Gg) - 2m2) + 12n2m1EM1 (Gg)
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Therefore

RF(G1[Ga]) = ) (dajca)(€)® + D (dayca)(€))?

ecL eck;
= RF(G1)n3 +mi(RF(Gy) + RF(Gs)) + 8myn3 +
dngmi (EM,(Gy) + EM(Gs2)) 4 8n2my (M1 (Gs) + M1 (Gs) — 2) +
202 EM;(Gh)(M(Gy) 4+ My (Gy) — 2+ 2ng) +
21y (M1(G1) — 2my)(EM(Gs) + EM,(G3) + 4n2) +
8mans F(G1) + RF(Gy) 4+ 12n3 M (G1)(My(G2) — 2ms) +
12nomq EM;(Ga).

6. The tensor product of graphs

The Tensor Product G ® H of graphs G and H has the vertex set V(G @ H) =
V(G) x V(H) and (u,z)(v,y) is an edge of G® H if wv € E(G) and zy € E(H). Ob-
viously, [V(Ge H)| = [V(G)[[V(H)], |[E(Ge H)| = 2|E(G)||E(H)| and dee (v, ©) =
dg(u)dH(x)

Theorem 6. If G; is a graph of order n; and size m; for i = 1,2, then

RF(G1®G2) = M{(G1® G2) — 6F(G1® G2) + 12M:1(G1 ® G2) +
3M2(G1 ® G2)M1(G1 ® G2) — 12M2(G1 ® G2) — 8maimsa.

Proof.  For any edge e = (u, z)(v,y) € E(G1 ® G2), we have

dG1®G2 (6) = dGl (u)'dGz (.13) + dGl (U)'dGz (y) -2

By definition, we have

RF(GI ® G2) = Z Z (dG1®G2 ((u7 ‘r)(v7y)))3

weE(G1) zye E(Gg)

= > > (da, (W)-day (@) + da, (v).day (y) — 2)°

wveE(Gy) zyeE(Ga)
= > Do A, (wd, (@) + dE, (v)d, (y) — 6dg;, (v)dE, (v) +
wv€E(G1) zyeE(G2)
12dg, (v)de, (y) — 8 + 3dg, (w)dg, ()da, (v)da, (v) —
6d%;, (u)dg, () + 3da, (w)da, (2)dg, (v)d, () —
12dg, (w)da, (z)da, (v)da, (y) + 12dg, (v)da, (z)]
= M{(G1®G2) — 6F(G1 ® G2) + 12M1(G1 ® Ga) +
3M2(G1 %4 GQ)Ml(Gl [ Gz) - ].2M2(G1 %4 Gg) — 8mima.
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