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Abstract: Let R be a commutative ring with identity. An ideal I of a ring
R is called an annihilating ideal if there exists » € R\ {0} such that Ir = (0)
and an ideal I of R is called an essential ideal if I has non-zero intersection
with every other non-zero ideal of R. The sum-annihilating essential ideal
graph of R, denoted by AER, is a graph whose vertex set is the set of all
non-zero annihilating ideals and two vertices I and J are adjacent whenever
Ann(I) + Ann(J) is an essential ideal. In this paper we initiate the study of
the sum-annihilating essential ideal graph. We first characterize all rings whose
sum-annihilating essential ideal graphs are stars or complete graphs and then we
establish sharp bounds on the domination number of this graph. Furthermore,
we determine all isomorphism classes of Artinian rings whose sum-annihilating
essential ideal graphs have genus zero or one.
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graph
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1. Introduction

The history of studying a graph associated to a commutative ring has began by
the paper [6, 9, 21], and then it followed over commutative and noncommutative
rings (see for example [4, 5, 18, 22, 23]). Since then a huge number of works have
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been added to the literature about graphs associated to algebraic structures. In
a recent study [11], the annihilating ideal graph, AG(R), is defined as follows:
The vertex set of this graph is the set of all non-zero annihilating ideals of
R, and two distinct vertices I and J are adjacent if and only if IJ = (0).
The interplay between the ring theoretic properties of a ring R and the graph
theoretic properties of its annihilating ideal graph has been investigated in [1—
3, 8, 10, 24]. In this paper, we continue the study of associating a graph to a
commutative ring.

Throughout this paper, all rings are assumed to be commutative rings with
identity that are not integral domain. If X is either an element or a subset of
R, then the annihilator of X is defined as Ann(X) = {r € R | rX = 0}. An
ideal T of a ring R is called an annihilating ideal if Ann(I) # (0). We denote
the set of all maximal ideals, the set of all minimal prime ideals, and the set
of all associated prime ideals of a ring R by Max(R), Min(R) and Ass(R),
respectively. The ring R is said to be reduced if it has no non-zero nilpotent
element. Anideal I of R is called an essential ideal if I has non-zero intersection
with every other non-zero ideal of R.

Let G be a simple graph with the vertex set V(G) and edge set E(G). The
degree of a vertex v € V(QG) is defined as dg(v) = |[{u € V(GQ) | uwv € E(G)}|.
A graph G is regular or r-reqular if dg(v) = r for each vertex v of G. The
distance dg(u,v) between two vertices u and v in a connected graph G is the
length of the shortest uv-path in G. The greatest distance between any pair
of vertices u and v in G is the diameter of G and is denoted by diam(G). A
universal vertex is a vertex that is adjacent to all other vertices of G. If a graph
G contains a universal vertex with no extra edge, then G is called a star graph.
A clique of G is a maximal complete subgraph of G and the number of vertices
in the largest clique of G, denoted by w(G), is called the cliqgue number of G.
A graph is planar if it has a drawing without crossings. The genus of a graph
G, A\(@), is the minimum integer k such that the graph can be drawn without
crossing itself on a sphere with k& handles (i.e. an oriented surface of genus
k). Thus, a planar graph has genus 0, because it can be drawn on a sphere
without self-crossing. Let x(G) denote the chromatic number of G, that is,
the minimal number of colors needed to color the vertices of G so that no two
adjacent vertices have the same color. Obviously, x(G) > w(G). We write K,
(resp. Ko ) for the complete graph of order n (resp. infinite complete graph),
P, for the path of length n — 1, and K,,, for the complete bipartite graph
with partite sets of size m and n. For terminology and notation not defined
here, the reader is referred to [25].

A set D C V(G) is a dominating set of G if every vertex of V(G) — D has a
neighbor in D. The domination number v(G) is the minimum cardinality of
a dominating set in G. The concept of domination in graphs, with its many



A. Alilou and J. Amjadi 119

variations, is now well studied in graph theory and the literature on this subject
has been surveyed and detailed in the two books by Haynes, Hedetniemi, and
Slater [12, 13].

Motivated by the work done on annihilating ideal graph of a ring, in this paper
we introduce the sum-annihilating essential ideal graph of a commutative ring
which is not an integral domain and is defined as follows: The vertex set of this
graph is the set of all non-zero annihilating ideals and two vertices I and J are
adjacent whenever Ann(J) + Ann(J) is an essential ideal. For convenience we
denote this graph by AER.

The aim of this article is to study some properties of AE . We first characterize
all rings whose sum-annihilating essential ideal graphs are stars or complete
graphs and then we determine all isomorphism classes of Artinian rings whose
sum-annihilating essential ideal graph has genus zero or one.

We make use of the following observations and results in this paper.

Observation 1. ([11]) Let R be ring. Then every descending chain (resp. as-
cending chain) of non-zero annihilating ideals terminates if and only if R is Artinian
(resp. Noetherian).

Observation 2. If I,J are ideals of R such that I is essential and I C J, then J
is essential.

Observation 3. For any ideal I of R, I + Ann(I) is an essential ideal.

Proof. Let I be an ideal of R such that I + Ann([/) is not essential. Then
J N (I+ Ann(I)) = (0) for some non-zero proper ideal J of R. It follows that
IJ = (0) and so J € Ann(/) which is a contradiction. Thus I + Ann([) is
essential. O

Observation 4. Let R be a ring and let I,.J be two arbitrary non-zero proper
ideals of R. Then

(1) If Ann(I) is essential, then I is a universal vertex in AER.

(2) If IJ = (0), then I and J are adjacent in AER,

(3) If I +J = R, Ann(I) # (0) and Ann(J) # (0), then Ann(I) and Ann(J) are

adjacent in AER.

Proof. (1) Let J be an arbitrary vertex of AEg. By Observation 2, Ann(I)+
Ann(J) is an essential ideal of R and so I and J are adjacent in AER.
Hence, I is a universal vertex.
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(2) Let IJ = (0). Then I C Ann(J) and so I + Ann(I) € Ann(J) + Ann(J).
It follows from Observations 2 and 3 that [ and J are adjacent in AER.

(3) Let I+ J = R. Then Ann(I) N Ann(J) = (0) and we deduce from (2) that
Ann(7) and Ann(J) are adjacent in AER.
O

By Observation 4 (part (2)), AG(R) is a spanning subgraph of AER. Hence,
we can use some of results obtained on the annihilating-ideal graph to obtain
the same results for the sum-annihilating essential ideal graph of a ring. The
following examples show that the graphs AG(R) and A€k are not the same.

Example 1. If R = Zi2, then AEg is K4 — e and AG(R) is Pu.

Example 2. If p is a prime number and R = Z,s, then AER is K3 and AG(R) is
the path Ps.

Theorem A. ([11]) If R is an Artinian ring, then every non-zero proper ideal I
of R is a vertex of AG(R).

Corollary 1. If R is an Artinian ring, then every non-zero proper ideal I of R is
a vertex of AER.

Theorem B. ([11]) Let R be a ring. Then the following statements are equivalent.
(1) AG(R) is a finite graph.

(2) R has only finitely many ideals.

(3) Every vertex of AG(R) has finite degree.

Moreover, AG(R) has n > 1 vertices if and only if R has n non-zero proper ideals.

Theorem C. ([11]) For every ring R, the annihilating ideal graph AG(R) is con-
nected with diam(AG(R)) < 3.

Next result is an immediate consequence of Theorems B and C and the fact
that AG(R) is a spanning subgraph of AER.

Corollary 2. Let R be a ring. Then

(1) AEr is a connected graph and diamAEgr < 3.

(2) The degree of each vertex in AER is finite if and only if the number of non-zero
proper ideals of R is finite.
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If R = Fy x Fy x F3 where Fj is a field for ¢ = 1,2, 3, then AER is a connected
graph with diamAERr = 3 (see Figure 1), and hence the bound of Corollary 2
is sharp.

2. Properties of sum-annihilating essential ideal graphs

In this section, we investigate the basic properties of the sum-annihilating es-
sential ideal graphs. We recall that a ring R is decomposable if there exist
non-zero rings R; and Ry such that R = Ry X R, otherwise it is indecompos-
able.

First we classify all commutative rings R whose sum-annihilating essential ideal
graphs AE R are stars. We start with the following lemma.

Lemma 1. Let R be a decomposable ring. Then AER is a star if and only if
R = F x D where F is a field and D is an integral domain.

Proof. Let R= Ry X Ry and let AE R be a star. If R; is not a field for i = 1,2
and I; is a non-zero proper ideal of R;, then (R; % (0), (0) x R, I1 x (0), (0) x I3)
is C4 which is a contradiction. Henceforth, we may assume that R; is a field.
If Ry is an integral domain, then we are done. Suppose R is not an integral
domain and J is a non-zero annihilating ideal of Rs. Then clearly (0) x Ry and
(0) x J are adjacent to Ry x (0). Since AER is a star, Ry x (0) is the center
of AR and so Ry x (0) is adjacent to Ry x J. It follows that Anng(R; X
(0)) + Anng(Ry x J) = (0) x Ry + (0) x Anng,(J) = (0) x Ry is essential, a
contradiction with ((0) x R2)N(Ry x (0)) = (0). Thus R is an integral domain.
Conversely, let R = F' x D where F is a field and D is an integral domain.
Then V(AER) = {F x (0),(0) x I | (0) # I < D}. Tt is easy to see that AER is
a star with center F' x (0). O

Corollary 3. Let R be an Artinian ring with at least two non-zero annihilating
ideals. Then AErR is a star if and only if AR ~ Ko.

Proof. Since K5 is a star graph, if part of the Corollary is clear.

Conversely, assume that AER is a star. Either R is local or R is not local. If R
is local, then it follows from Lemma 12 that AE g is isomorphic to K». If R is
not local, then R is decomposable. We deduce from Lemma 1 that R = F x D
where F'is a field and D is an integral domain. Since R is Artinian, we conclude
that D is Artinian and so D is a field. Then clearly AER ~ K. O

Theorem 1. Let R be a ring with at least two non-zero proper ideals. Then AEg
is a star if and only if one of the following holds:
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(a) R has exactly two non-zero proper ideals.
(b) R=F x D where F is a field and D is an integral domain which is not a field.

(c) R has a minimal ideal I such that I? = (0), I is not essential and I is the
annihilator of every non-zero proper ideal different from I.

Proof. If R has exactly two non-zero proper ideals, then R is Artinian and
so |V(AER)| = 2, by Corollary 1. Since AER is connected, we have A g ~ Ky
as desired. If R = F' x D where F is a field and D is an integral domain that
is not a field, then it follows from Lemma 1 that AEgR is a star. Now, let R
have a minimal ideal I such that I? = (0), I is not essential and Ann(J) = I
for each non-zero proper ideal different from I. Since I C Anng(I), Anng(7)
is essential by Observation 3 and so I is a universal vertex. Let J, K be two
arbitrary distinct vertices of AE R different from I. If J is adjacent to K then
Anng(J)+ Anng(K) = I is essential, a contradiction. Hence J and K are not
adjacent and this implies that AER is a star.

Conversely, let AER be a star. If [V(AER)| < oo, then by Observation 1, R
is Artinian and it follows from Corollary 3 that R is isomorphic to F} x Fb.
Hence, R satisfies (a).

Now, let |V (AER)| = oo. Let I be the universal vertex of AEr. We claim that
I is a minimal ideal of R. Assume, to the contrary, that J is a non-zero ideal
of R such that J G I. Then Anng(I) + Anng(J) = Anng(J). Since I and J
are adjacent in AE R, Anng(J) is an essential ideal of R and so J is a universal
vertex of AEr by Observation 4 and this leads to a contradiction. Hence, [ is
a minimal ideal of R. Consider two cases.

Case 1. 1% #(0).

Then I2 = I. By Brauer’s Lemma ([15], p. 172, Lemma 10.22), R is decom-
posable. Since |V (AER)| > 3, we have R = F x D, where F is a field and D is
an integral domain that is not a field. Hence R satisfies (b).

Case 2. %= (0).

Let J # I be an arbitrary vertex of Ar. Then Ann(J) # J, for otherwise ,
Ann(J) is essential by Observation 3 and this implies by Observation 4 (part
(1)) that J = I, a contradiction. Since J.Ann(J) = (0), we deduce from
Observation 4 (part (2)) that J and Ann(J) are adjacent in AEg. Since J # 1,
we have Anng(J) = I and I is not essential. Thus, R satisfies (c). O

Next, we characterize all Artinian rings R whose sum-annihilating essential
ideal graphs are complete.

Lemma 2. If (R,m) is an Artinian local ring, then AR is a complete graph.
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Proof. Let I be an arbitrary vertex of AEp. Then Anng(m) C Anng(I).
Since R is an Artinian local ring, m is nilpotent ([7], p.89, Proposition 8.4).
Hence, m" = (0) and m™~! = (0) for some positive integer n and this implies
that m"~1 C Ann(I). Let t be the smallest positive integer such that m*I = (0)
and m'='] # (0). It follows that m~'] C Ann(m) N I and so Ann(m) is
essential. Since Ann(m) C Anng(I), we have that Anng([) is essential. It
follows from Observation 4 that I is a universal vertex. Since [ is an arbitrary
vertex, we conclude that AE R is a complete graph and the proof is complete.

O

Theorem 2. Let R be an Artinian ring. Then AER is a complete graph if and
only if one of the following holds:

1. R = I} x F5 where F and F5> are fields.

2. R is a local ring.

Proof.  One side is clear. Let AERr be a complete graph. Since R is Artinian,
R =Ry X Ry X --- X R, where R; is an Artinian local ring for each 1 < i < n.
If n > 3, then the vertices Ry x (0) x --- x (0) and Ry x Ra x (0) x --- x (0)
are not adjacent in A€ which is a contradiction. If n = 1, then R is an
Artinian local ring and we are done. Henceforth, we have n = 2. We claim
that Ry and Ry are fields. Assume, to the contrary, that Ry is not a field. Let
I be a non-zero proper ideal of Ry. By Theorem A, Anng, (I1) # (0) and so
Anng((0) x Ry) + Anng(l; x R2) = Ry x (0). Since Ry x (0) is not essential,
the vertices (0) X Ry and I; x Ry are not adjacent in AEg, a contradiction.
Hence R; and R are fields. This completes the proof. O

Next result classifies all rings with at least one minimal ideal whose sum-
annihilating essential ideal graphs are complete bipartite graph.

Theorem 3. Let R be a ring with at least one minimal ideal. Then A€k is a
complete bipartite graph with at least two vertices in each partition if and only if
R = Dy x Ds where D; and D2 are integral domains which are not fields.

Proof. Let R = Dy x Dy where D, and D5 are integral domains which are not
fields. Let X = {I x (0)|(0) # I <Dy} and Y = {(0) x J|(0) # J < Dy}. Since
D, and Ds are integral domains, V(AER) = X UY. Clearly, | X|,|Y] > 2, X
and Y are independent sets and every vertex of X is adjacent to every vertex
of Y. Thus, AER is a complete bipartite graph with desired property.

Conversely, let ASp ~ K, , where m,n > 2. Suppose that I is a minimal
ideal of R. If I? = (0), then Anng(I) is essential by Observation 3 and so I is
a universal vertex, a contradiction. Thus I? # (0). Since I is minimal, I? = I.
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By Brauer’s Lemma, R = R; X Ry. We claim that R; and R, are integral
domains. Assume that Ry is not an integral domain and I5 is a non-zero proper
ideal of Ry such that Anng,(l2) # (0). As above, we have ((0) x I3)? # (0)
and this implies that Is # Annpg,(I3). By Observation 3, (Ry,0), (0,I3) and
(0, Anng, (7)) induced a triangle in AER which is a contradiction. Hence, R
is an integral domain. Similarly, R; is an integral domain. Since m,n > 2,
it follows from Theorem 1 that R; and Ry are not fields. This completes the
proof. O

Theorem 4. If R is an Artinian ring, then Afr ~ H V K,, where H is a
multipartite graph and m € N U {co}.

Proof. Since R is Artinian, then R = Ry X - -+ X R,, where n = |[Max(R)|. Let

X :{leXIn‘IlQleOIISZSn}—{(O)XX(O)}

X1 = {(R1XIQXXIR)|I1S]RZ, QSZS’H}—{R1XXRH} and

X; {Il><~'~><[i_1XRZ‘XIH_lX"'XIn|Ij<]ijOI‘1§j§i—1

and I; AR, fori+1<j <n}

for each 2 <7 < n.

It is easy to verify that V(AER) = XUX;U...UX,, and that the sets X1,..., X,
are independent sets. Let H denote the induced subgraph AER[X 1 U...UX,].
Then H is a n-partite graph. Assume now that I; x --- x I, € X. Since R;
is an Artinian local ring, Anng, (I;) is an essential ideal of R; for each i. It
follows that Anng(Iy x --- X I,) is an essential ideal of R which implies that
I x --- x I, is adjacent to all vertices of AEr. In particular, the subgraph
induced by X is a clique. Thus AEg ~ HV K| x| and the proof is complete. []

Corollary 4. Let R = Ry X---x R, (n > 2) be the product of Artinian local rings
Ri,...,Rn. If R; has only finitely many ideals for each 4, then x(AER) = w(AER) =
n—1+ H?:l n;, where n; is the number of proper ideals of R;.

Proof.  Using notation of Theorem 4, we have |X| =[]/, n; — 1 and AEg =
HVEK,x|. Since X; is an independent set for each 4, we conclude that w(AER) <
X(AER) <n—1+T[, ni

To prove the inverse inequality, we observe that the subgraph induced by the
set

X U{Ry x (0) x ---x(0),(0) x Ry X -+ x (0),...,(0) x ---x (0) x Ry}
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is a clique which implies that x(AER) > w(AER) > n+ |X|=n—1+][_, n;,
as desired. This completes the proof. O

Corollary 5. If n=p{'p3?...pom (m > 2) is the decomposition of the positive
integer n into primes, then x(A€z,) = w(AEz,) =m+ a1z ... qm — 1.

Corollary 6. If R = Fy x --- X F,, is the product of fields Fi,...,F,, then
X(AER) = UJ(AE,‘R) =n.

Theorem 5. Let R be a ring. Then AER is a k- reqular graph if and only if
R = Fy X F5 where Fy and F> are fields and k =1 or R is an Artinian local ring with
exactly k + 1 non-zero proper ideals.

Proof.  One side is clear. Let AER be a k-regular graph. By Corollary 2 (part
2), R is Artinian and so R = R; X -+ X R,, where R; is an Artinian local ring
for each 1 < i < n . If R; is a field for each i, then n = 2. For otherwise,
deg((0) x Ry x -+ x R,,) # deg(Ry x (0) x --- x (0)) contradicting regularity
of .AER.

Thus, we may assume that R; is not a field. Suppose that m; is the maximal
ideal of R;. Then my; # (0) and so my x (0) x --- x (0) € V(AER). Since
Ann(m;) is an essential ideal in R; (see the proof of Lemma 2), we deduce that
my x (0) x -+ x (0) is adjacent to every vertex of AE . Since AER is k-regular,
AER is a complete graph of order k + 1. It follows from Theorem 2 that R is
an Artinian local and the proof is complete. O

3. Domination number of AER

In this section, we investigate the domination number of the sum-annihilating
essential ideal graph of a ring. The first observation shows that v(AER) can
be arbitrary large.

Observation 5. If R=F) x F» X --- x F,, (n > 3), where F} is a field for each
i€{1,2,...,n}, then v(AER) = n.

Proof. Let D = {Fy,Fs,...,F,}. We show that D is a dominating set of
AER. Assume I x --- x I, is a vertex of AEr. Since I} X --- X I, # R, we
have I; = (0) for some i. Then Ann(l; x --- x I,) + Ann(F;) = R and so
I; x ---x I, and F; are adjacent in AE g. Therefore D is a dominating set and
hence v(AER) < n.

To show that v(AER) > n, let D be any v(AE g)-set and F=Fx-xF_ix
(0) X F;41 X - - X F, for each i. Obviously deg(Fi) =1 and F} is only adjacent
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to F; for each i. Hence |[DN{F;, F;}| > 1 for each i which implies that |D| > n
and so Y(AER) = n. O

Next we provide some sufficient conditions for a ring R to have v(AER) = 1.

Proposition 1. Let R be aring. Then v(AEg) = 1 if and only if R has a non-zero
proper ideal I such that Ann([/) is essential.

Proof. If R has a non-zero proper ideal I such that Ann(7) is essential, then
it follows from Observation 4 (1) that y(AER) = 1.

Conversely, let 7(AER) = 1 and let {I} be a dominating set of AER. If I is
not maximal, then there is a maximal ideal m such that I ; m. Since [ and m
are adjacent, we deduce that Ann(/) + Ann(m) = Ann(7) is essential and we
are done. Henceforth, we assume that I is a maximal ideal of R. First let R be
local. If R has exactly one non-zero proper ideal, then clearly I = Ann(7) is
essential. Let J be a non-zero proper ideal of R different from I. Since J and
I are adjacent and since J & I, we conclude that Ann(.J) + Ann(I) = Ann(J)
is essential and we are done again.

Now R is not local. We consider two cases.

Case 1. R has exactly two maximal ideals.

Let I and m be two distinct maximal ideals of R and let J(R) = I'Nm. Clearly,
J(R) G I. If J(R) = (0), then by Chinese remainder theorem ([7], Proposition
1.10, pp 7) we have R ~ £ x & which contradicts Observation 5. Thus J(R) #
(0). Since I and J(R) are adjacent, we deduce that Ann(I) + Ann(J(R)) =
Ann(J(R)) is essential and we are done.

Case 2. R has at least three maximal ideals.

Let I,m; and my be three distinct maximal ideals of R. Then we have Im; #
(0), for otherwise we have I'm; C mo and this implies that either I C ms or
my; € mo which is a contradiction. Since Im; ; I and since I and Im; are
adjacent, we conclude that Ann(I) + Ann(/m;) = Ann(/m;) is essential and
the proof is complete. O

Corollary 7. Let R= Ry X -+ X R, (n > 2) where R; is not an integral domain
for some . Then v(AER) =1 if and only if y(AER,;) = 1 for some 1.

Proof. Let v(AER,) = 1 for some 4, say i = 1. By Proposition 1, R; has a
non-zero proper ideal I; such that Ann(l;) is essential. Then clearly

Anng(I; x (0) x --- x (0)) = Anng, (I;) x Ry X --- x R,

is an essential ideal of R and hence y(AEr) = 1 by Proposition 1.
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Now let v(AER) = 1. By Proposition 1, R has a non-zero proper ideal I; X
-+ x I,, whose annihilator is essential. Thus Anng, (1) X --- x Anng, (I,) is
essential. Assume without loss of generality that Anng, (I;) # (0). Clearly
Annpg, (1) is an essential ideal of Ry and hence v(AER,) = 1 by Proposition
1. O

Corollary 8. If R is a non-reduced ring, then v(AER) = 1.

Proof.  Since R is non-reduced, R has a non-zero ideal I such that I? = (0).
It follows from Observation 3 that Ann(l) = I+ Ann(I) is an essential ideal of
R and hence y(AER) = 1 by Proposition 1. O

Next, we determine the domination number of the sum-annihilating essential
ideal graph of a Noetherian reduced ring.

Observation 6. Let S be a multiplicatively closed subset of a commutative ring
R such that SNZ(R) = () and I be a finitely generated ideal of R. Then Ann(I) # (0)
if and only if Anng—1x(S™I) # (0).

Proof. Since I is finitely generated ideal, we have Anng 1p(S~'I) =
S~1(Anng(I)). Now the result follows from the fact that I = (0) if and only if
S—1I = (0). O

Observation 7. Let R be a ring, I a non-zero ideal of R and S a multiplicatively
closed subset of R with S N Z(R) = 0 such that I NS = @. Then I is an essential
ideal of R if and only if S™'I is an essential ideal of S™'R.

Proof. Let I be an essential ideal of R. Assume 7 is a non-zero ideal of S~!R.
Then there is a non-zero ideal K of R such that 7 = S~1K. Since I is essential,
INK # (0) which implies that S~ INJ = S~1NSTIK = S~YINK) # (0).
Thus S~1(I) is an essential ideal of S~1 R. The proof of other side is similar. [J

Observation 8. Let R be a Noetherian ring and S be a multiplicatively closed
subset of R with SN Z(R) = 0. Then v(AEg-15) < Y(AER).

Proof.  Assume that E is a y(AER)-set and let D = {S~11 | I € E}. Suppose
J is an arbitrary vertex in V(AEg-1g) \ D. Then there is an ideal I of R
such that J = S7'I. Clearly I ¢ E. Since Anng-1z(J) # (0), we have
Anng(I) #0andso I € V(AER)\ E. Since E is a y(AEr)-set, I is adjacent to
avertex K € E. Therefore Ann(I)+Ann(K) is an essential ideal of R. Tt follows
from Observation 7 that S~1(Ann(I) + Ann(K)) = Ann(S~7) + Ann(S~ 1K)
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is an essential ideal of S~'R. This implies that S~'K and J are adjacent in
AEg-1p where ST'K € D. So D is a dominating set of A€ g1 and the proof
is complete. O

Proposition 2. Let R be a Noetherian reduced ring which is not an integral
domain. Then y(AER) = |[Min(R)|.

Proof.  Since R is Noetherian and Min(R) C Ass(R), we have [Min(R)| <
|Ass(R)| < co. Let Min(R) = {P1,..., Py} and let P, = Ann(x;) for some
z; € R—{0} (1 < i < k). Let I be a vertex of Alr. Then I C P; for
some 1 < ¢ < k ([16], Proposition 1.2(part 2)). As above, we conclude that
{Rz1, Rzs,..., Rz} is a dominating set of AER implying that v(AER) <
[Min(R)| < k.

Now we show that y(AER) > [Min(R)|. Let S = R — U, P;. Then S™'R =
Rp, x -+ X Rp, where Rp,,..., Rp, are fields ([16], Propositions 1.1 and 1.5).
By Observations 5 and 8, we have y(AER) > v(AEs-1r) = k. Thus y(AER) =
[Min(R)| and the proof is complete. O

Nikandish and Maimani [17] proved the if R a Noetherian ring, then
Y(AG(R)) < |Ass(R)| < oo. Since AG(R) is a spanning subgraph of A&,
we have the next result.

Corollary 9. For any Noetherian ring R, 7(AER) < |Ass(R)| < 0.

4. Classification of Artinian rings with genus zero or one

In this section we characterize all Artinian rings with genus zero or one. The
proof of the following result can be found in [14].

Theorem D. A graph is planar if and only if it does not contain a subdivision of
K5 or K3’3.

Proposition 3. Let R be an Artinian ring. Then AER is a planar graph if and
only if one of the following holds:
(a) R has at most four non-zero proper ideals.

(b) R = Fi1 X F> x F3, where Fi, F> and F3 are fields.

Proof. If R satisfies (a), then the result is immediate. Let R = F} X Fy x Fj
where Fy, F» and Fj3 are fields. Then AER is the graph illustrated in Figure 1
and so AER is planar.



A. Alilou and J. Amjadi 129

(0) X Fg X F3

IFl x (0) x (0)

Ox O xF3 g 9 ®.(0) X Fy x (0)

F1 X Fa x (0) F1 x (0) x F3

Figure 1. The graph AER(Fy X F> X F3)

Conversely, let AEr be a planar graph. Since R is Artinian, V(AER) contains
all non-zero proper ideals of R. If |V (AER)| < 4, then R satisfies (a). Suppose
that |V (AER)| > 5. Since R is Artininan, R = Ry X Ry X -+ X R,, where R; is
an Artinian local ring for each 1 < i < n. If n > 4, then the subgraph induced
by the set
{R1 x (0) x -+- x (0),(0) x ---(0) x Ry, Ry x (0) x ---(0) x Ry, (0) x Ry X
(0) x -+ x(0),(0) x Ry x R3 x (0) x ---x(0),(0) x (0) x R3 x (0) x---x (0)}
contains the complete bipartite graph K3 3 with partite sets X = {R1 x (0) x
-+ % (0),(0) x -+ (0) x Ry, Ry x (0) x ---(0) x Ry} and Y = {(0) x Ry x (0) x
- x (0),(0) x Rg x Rg x (0) x ---x (0),(0) x (0) x R3 x (0) x --- x (0)}, a
contradiction. Thus n < 3. If n = 1, then R is an Artinian local ring and we
get a contradiction by Lemma 2 and Theorem D. Hence n = 2 or 3. Let m; be
the maximal ideal of R; for i =1,2,3.
First let n = 3. We claim that Ry, Ry and Rj3 are fields. Assume, to the
contrary, that R; is not a field for some 4, say ¢ = 3. Then the induced
subgraph by the set

{R1x0x(0), Ry x(0)xmg3, (0)x(0)xmgz, (0)x Rax(0), (0)x Roxmgs, (0)x Ra x R3}

contains K3 3 with partite sets X = { Ry x (0) X (0), Ry x (0) xmgs, (0) x (0) xms}
and Y = {(0) x Ry x (0), (0) x Ry x m3, (0) X R x R3}, a contradiction. Thus
R satisfies (b).

Let now n = 2. Since |[V(AER)| > 5, R; is not a field for some i, say i = 2. If
R; is a field, then it follows from |V (AER)| > 5 that Rs has at least two distinct
non-zero proper ideals I and J. It is easy to see that the subgraph induced by
the set {R1 x (0), Rq X I, Ry x J, (0) X R2,(0) x I,(0) x J} contains K3 3 with
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partite sets X = {Ry x (0), Ry x I, Ry x J} and Y = {(0) x Ro, (0) x I, (0) x J}
contradicting planarity of A€R. Assume that R; is not a field. Then the
subgraph induced by the set {m; x (0), (0) x mg, Ry X ma, (0) X Ry, my x (0), my X
Ry} contains K35 with partite sets X = {m; x (0),(0) x ma, Ry X ma} and
Y = {(0) x R2,my x (0),my x Ro} contradicting the planarity of AEgk. This

completes the proof. O
1 6 2
FoF3Fy FFaF3
1 ] . 1
F1Fy FyFy
4 4
Fy
FyF, Py F, 3
2Fy 1F2
3
F3Fy
Fo F3
F1Fy
5 ® ] 5
F1F3Fy F1FaFy
1 6 2

Figure 2. toroidal embedding of AER(F1 x Fa X F3 x Fy)

\ “
\
le‘.F2><m3 |

Figure 3. toroidal embedding of AER(F1 x F2 X R3) where R3 has exactly one non-zero proper
ideal

Next, we characterize all Artinian rings whose the sum-annihilating essential
ideal graphs have genus one. The proof of the following results can be found
in Ringel and Youngs [20]; Ringel [19], respectively.
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Theorem E. Forn >3, A(K,) = [15(n—3)(n—4)]. In particular, \(K») = 1 if
n=2>5,6,7.

Theorem F. Form,n>2, M(Kynn) = (W]
We begin with the following lemma.

Lemma 3. Let R=Fi X --- X F,, (n > 4) where F; is a field for each 1 <i < n.
Then A(AER) =1 if and only if n = 4.

Proof. If n =4, then AR is the graph illustrated in Figure 2 and it follows
from Proposition 3 that A(AER) =1 .

Conversely, let A(AEr) = 1. If n > 5, then the subgraph induced by the set
{F1,F5,F5,Fy,F5,F1 X Fy, F3 X Fy,F3 X Fy X F5,F3 x F5,Fy x F5} contains
K3 7 with partite sets X = {F1, Fy, F1 x Fo} and Y = {F3, Fu, F5, F3 x Fy, F5 x
Fy x F5,F3 x F5, Fy x F5}. By Theorem F, we have A(A€Rr) > A(K37) =2, a
contradiction. Thus n = 4 and the proof is complete. O

Theorem 6. Let R be an Artinian ring. Then A(AEg) = 1 if and only if one of
the following holds:

(a) R= F1 X F» X F3 X Fy where Fy, F», F5 and F;, are fields.

(b) R = F\ X F» x R where F and F» are fields and R3 has exactly one non-zero
proper ideal.

(¢) R = Ri1 X Ra where each of Ry and Rs has exactly one non-zero proper ideal.

(d) R = F X Ry where F is a field and R» is a local ring with exactly two non-zero
proper ideals.

(e) R=TF x Ry where I is a field and Ry is a local ring with exactly three non-zero
proper ideals.

(f) R is alocal ring with r non-zero proper ideals where 5 < r < 7.

Proof. If R = Fy X Fy x F3 x Fy, then the result follows by Lemma 3. If
R = F} X F5 X R3 where F; and F5 are fields and R3 has exactly one non-zero
proper ideal, then AER is the graph illustrated in Figure 3 and so A(AER) = 1.
If R = R; X Ry where R; has exactly one non-zero proper ideal m; for ¢ = 1,2,
then |[V(AER)| = 7 and it is easy to verify that the subgraph induced by the
set {R1 X (0),1111 X (0),R1 X my, (O) X RQ, (0) X mo,my X RQ} contains K373
which implies that K33 < AEr < K7. It follows from Theorems E and F that
1=MAER).
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If R=F x Ry and Ry is a local ring with exactly two non-zero proper ideals I
and m where m is a maximal ideal of Ry, then |V (AER)| = 6 and AER contains
K3 5 with partite sets {F x (0), F x I, F x m} and {(0) x Rq, (0) x I, (0) x m}
implying that A\(AEg) = 1. If R = F' x Ry and R» has exactly three non-zero
proper ideals I, J and ms where my is a maximal ideal of Ry, then clearly
AEr ~ K4V Ky and V(AER) = {F x (0),F x I, F x J,F x ma, (0) x Ry, (0) x
1,(0) x J,(0) x ma}. As illustrated in Figure 4, we have A(AER) = 1.

Finally, If R satisfies (f), then K5 < Ar < K7 and so A(A€R) = 1 by Theorem
E.

(0) X Ro (0)"x Ro

Figure 4. toroidal embedding of K, V K4

Conversely, let A(AEg) = 1. Since R is Artinian, we have R = Ry X -+ X R,
where R; is an Artinian local ring for each 4. If n > 5, then using an argument
similar to that described in the proof of Theorem 3, we deduce that AER
contains K3 7 which leads to a contradiction by Theorem F. Therefore n < 4. If
R1, Rs, R3, Ry are fields, then R satisfies (a). Assume without loss of generality
that R, is not a field. Let my be the maximal ideal of R4. Then the subgraph
induced by the set

{R1 x (0) > (0) x (0),
R; x (0) x (0) x my, (0) x Ra x (0) x (0),(0) x Rg x (0) x my,

Rl X R2 X (0) X my,
(0) x (0) x R3 x (0),(0) x (0) x R3 x myg, (0) x (0) x (0) x Ry,

(0) x (0) x (0) x my}

contains K, 5 with partite sets X = {Ry x (0) x (0) x (0), R x (0) x (0) x
my, (0) X Ry x (0) x (0),(0) x Ry x (0) x mg, Ry X Rg x (0) x my} and ¥ =
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{(0) x (0) x Rg x (0), (0) x (0) x R3 xmy, (0) x (0) x (0) x Ry, (0) x (0) x (0) x my}
contradicting A(AER) = 1 by Theorem F. Therefore n < 3. We consider the
following cases.

Case 1. n =3, R = F; x Iy x R3 where F; and F5 are fields.

If R3 has a non-zero proper ideal I different from mg, then the subgraph induced
by the set

{F1 x (0) x (0), F1 x (0) x I, Fy x (0) x m3, (0) x Fy x (0),(0) x Fy x I,

(0) x Fy x mg, F7 x Fy x I,(0) x (0) x R3, (0) x (0) x I,(0) x (0) x m3}

contains K37 with partite sets X = {F} x (0) x (0), Fy x (0) x I, F} x (0) x
m3, (0) x Fy x (0),(0) x Fy x I,(0) X Fy x mg, F} X F, x [} and Y = {(0) x
(0) x Rs,(0) x (0) x I,(0) x (0) x mg} contradicting A(AER) = 1 by Theorem
F. Thus R3 has exactly one non-zero proper ideal and so R satisfies (b).
Case 2. n=3and R=F x Ry X Rz, where F'is a field and Ry, R3 are not
fields.

Let my and m3 be the maximal ideals of Rs and Rs, respectively. Then the
subgraph induced by the set

{F x (0) x (0), F x my x mg, (0) X Ry x (0),(0) x Ry x mg, F' x (0) x ms,

(0) x (0) x Rs,(0) x (0) x m3), (0) x ma x (0),(0) x mg X ms}

contains the graph K, 5 with partitions X = {F x (0) x (0), F' x ma X mg, (0)
Ry x (0),(0) x Ry x m3, F' x (0) x mg} and Y = {(0) x (0) x R3,(0) x (0)
m3), (0) x my x (0), (0) x my X m3} a contradiction with A\(AER) = 1.

Case 3. n=2and R= R; X Ry, where Ry, R are not fields.

We claim that each of Ry and Ry has exactly one non- zero proper ideal. Let
my be the maximal ideal of Ry and I be a non-zero proper ideal of Ry different

X
X

from my. Then the subgraph induced by the set
{Ry x(0),my x (0), Ry xma, I x (0),1xmg, (0)x Rg, (0) xmg, my X R, m; xmy}

contains the graph Ky 5 with partitions X = {R; x (0),my x (0), Ry x mg, I X
(0),I x ma} and Y = {(0) x Rqg, (0) X mg,m; X Ro,my X my} a contradiction
with A(AER) = 1. Thus R; has exactly one non-zero proper ideal. Similarly,
R has exactly one non-zero proper ideal and so R satisfies (c).

Case 4. n =2and R = F X Ry, where F is a field and Ry is a local ring
which is not a field.
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If R has exactly one non-zero proper ideal, then |V (AER)| = 4 which leads to
a contradiction. If Ry has four non-zero proper ideals I, J, K and msy, then
the subgraph induced by the set

{Fx(0),FxI,FxJFxK,F xmg,(0)x Ry, (0)x1I,(0)xJ,(0)x K}
contains Ky 5 with partitions
{Fx(0),FxI,FxJFxKFxmy}U{(0)x Rg,(0)x1I,(0) x J,(0) x K}
contradicting with A(AER) = 1. Thus Ry has exactly two or three non- zero

proper ideals and so R satisfies either (d) or (e).

Case 5. n=1.
Then R is an Artinian local ring. By Theorem 2, AER is a complete graph.

Since A(AER) = 1, we deduce that R has r non-zero proper ideals where
F<r<T. O
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