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1. Introduction

Circular cone optimization (CCO) problems are convex optimization problems
in which a linear function is minimized over the intersection of an affine linear
manifold with the Cartesian product of circular cones. The circular cone in R"
is given by

Qy = {(x0; ) : o > cot(6)]|z]|},

where T = (21;...;2,—1) € R" and 6 € (0, %) is a given angle. The circular

cone Qy with 6 # T naturally arise in many real-life engineering problems [15].
We consider the following standard primal CCO problem:

min {(c,z)p : (Az)p =b, x € Qp}, (P)
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where (¢, z)g := chgmx and (Az)y = AIg,nm denote respectively the circular
inner product and the circular matrix-vector product, and the matrix

1 0T

lon = {O cot(0)I,,_1

:| c Rnxn’

is called the circular identity matrix as a generalization of the identity matrix
I, € R**" and Qf is the Cartesian product of several circular cones, i.e.,

n o__ mn1 no nN
§ = Qp, X Qp2 X+ X Qy,

with n = ny +ng + .-+ +ny. When 6 = 7, the circular cone reduces to the
well-known second-order cone given by

L= {(z0;2) 120 > ||Z|} and I, = Iz .

In this case, (¢,z)z = ¢’z and (Az)z = Az, and therefore, the CCO reduces
to second-order cone optimization (SOCO) problems [2]. So, CCO includes
SOCO as a special case. Without loss of generality, we assume that A has full
row rank, i.e., rank(A) = m. Due to the fact that under the circular inner
product QF is self-dual [4, Lemma 2], the dual problem of (P) is given by

max{bTy: ATy4+s=c,ye R™ s¢c QZ}. (D)

In 1984, Karmarkar [10] developed a method for linear optimization (LO) which
runs in provably polynomial time and, is also very efficient in practice. Kar-
markar’s worthy paper revitalized the study of interior point methods (IPMs),
showing that it was possible to create an algorithm for LO in polynomial com-
plexity and, moreover, that was competitive with the simplex method. The
study of primal-dual IPMs for symmetric cone optimization (SCO) problems
was started by Nesterov and Todd [19]. In [7], Faybusovich introduced a new
concept and unifying frame to analyze IPMs for LO, SOCO and SDO problems.
Schmieta and Alizadeh [22] extended the analysis of Monteiro and Zhang in
[17] to symmetric cone by using Euclidean Jordan algebras. Illés and Nagy [9]
investigated a version of Mizuno-Todd-Ye predictor-corrector algorithm for the
P.(k)-LCP. The primal-dual full Newton-step feasible IPM for LO was first
analyzed by Roos et al. in [21] and the authors obtained the currently best
known iteration bound for small-update methods, namely, O(y/nlog2). De
Klerk [14], Wang et al. [25, 26] and Wang and Lesaja [24] generalized the
results for LO obtained by Roos et al. in [21] to semidefinite optimization
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(SDO), SCO, convex quadratic symmetric cone optimization (CQSCO) and
the Cartesian P, (x)-SCLCP, respectively. Achache and Goutali [1] proposed a
primal-dual short-step feasible interior-point algorithm for linearly constrained
convex optimization and proved that the complexity of their algorithm coin-
cides with the best iteration bound for this class of algorithms. Darvay [6]
proposed a new primal-dual path-following interior point algorithm for LO
with full Newton step. His algorithm is based on an equivalent transformation
on the centering equations of the central path, and the search directions are
obtained by applying Newton’s method to the resulting system. Kheirfam [12]
presented a predictor-corrector interior-point algorithm for P, (k)-horizontal
linear complementarity problems based on Darvay’s technique. Based on a
modified Nesterov-Todd (NT)-direction, Kheirfam and Mahdavi-Amiri [13] and
Kheirfam [11] presented a feasible IPM for linear complementarity problem over
symmetric cone (SCLCP) and the Cartesian P, (x)-SCLCP.

Recently, Alzalg [3] showed that the circular cone Qf is symmetric under a
certain inner product, which is called the circular inner product. The author
proposed Euclidean Jordan algebra associated with the circular cone Qp by
introducing a new spectral decomposition associated with this circular cone.
Furthermore, the author showed that the cone of square of this Euclidean
Jordan algebra is indeed the circular cone itself, i.e., the cone is symmetric
with respect to the circular inner product introduced in [3]. An equivalent
form of this inner product was proposed by Ma et al. [16], but they analyzed
the circular cone as a non-symmetric one.

Motivated by the aforementioned works, we present a full-NT step feasible
IPM for the circular cone optimization. We provide some new tools which are
needed in the analysis of algorithm. The algorithm uses only full-NT steps.
It is proved that this algorithm stops after at most O(v/N log NT‘Lg) iterations.
To our best knowledge, this is the first full-NT step feasible IPM for CCO.
The remainder of this paper is organized as follows: In Section 2, after review-
ing the Jordan algebra associated with the circular cone, some new tools and
properties are provided which are widely used in the subsequent sections. In
Section 3, we first describe the notions of the central path and search direc-
tions. Then the algorithm is presented in Section 3.4. Section 4 is devoted to
the analysis of the algorithm. The iteration bound of the algorithm is given in
Section 5.

Notations used throughout the paper are as follows. A partial ordering “ =gr ”
of R"™ related to a circular cone Qp is defined by x man s ifv —s e Qy. The
interior of Qf is denoted as intQy. We write —an s if x — s €intQy.
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2. Algebraic properties of circular cone and associated
Jordan algebra

In this section, we investigate some algebraic properties of the circular cone and
its associated Euclidean Jordan algebra. To ease discussion, we first assume the
circular cone Qy is defined when N = 1. Finally, we generalize some definitions
to the case where N > 1.

Here, we first review associated Jordan algebra with the circular cone. Then,
we recall the quadratic representation and the circular spectral decomposition,
closely following [3].

For z,s € R™, the bilinear operator o with respect to 6 is defined as:

(xos)y:= (acTIg’ns; T05 + 80T) = (w050 + cot?(0)zT5; 205 + s07), (1)

where Z = (21;...;Tp—1) and § = ($1;...;8p—1). It is easily seen that (R™, 0, 0)
is a Euclidean Jordan algebra under the circular inner product (-, -)s, with the
vector e = (1;0) € R™ as identity element; i.e., for all z,s,y € R™:

(i) (z o s)s = (s0x)p.

(ii) (20 (220 8)g)g = (22 0 (x 0 8)g)g, where 2 = (z 0 x)g.
(iii) {(z 0 5)o,y)o = (z, (s o y)o)e-

(iv) (zoe)s = (eox)p = .

One easily checks that each x € R™ satisfies the quadratic equation
x? — 2xox + (z2 — cot?(0)]|z||*)e = 0.

This means that A2 — 2z9\g + (23 — cot?(0)[|Z||?) = 0 is the characteristic
polynomial of x. Hence the eigenvalues of x are

Ao.min () = o — cot(D||Z|],  No.max(x) = 2o + cot(9)||Z]].
Therefore, the trace and the determinant of x are

tr(z) = Ag.min(Z) + Ao.max(z) = 220, det(x)
= )\G,min(m))\a,max(x) - x% - COt2(0)”iH2

us

The circular spectral decomposition of x with respect to the angle 6 € (0, §

given in [3]

) is

T = /\H,max(x)CG,l + AH,min(-x)CG,% (2)
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where - ~
1 (1; tan(@)x), o 1 (1' —tan(&)x).

co1 = (L; ——— = —
2 1zl PR

One easily verifies that cg 1 4 cg,2 = e which is the identity element of R". It is
quite easy to see that tr(e) = 2 and det(e) = 1. For any real valued continuous
function fy, we define the image of x under fy with respect to 0 as follows:

fg(.’ﬂ) = f@ ()\O,max(x))ca,l + f@ ()\G,min(x))cﬁ,l

In particular, we can obtain

b= 1 cogo + 1 C
o AG,min(x) 0.2 )\G,max(m) o
1 tan(0)z 1 tan(0)z
= — 1;— — + — 1; -
2(zo — cot(0)z]) ( 1z ) 2(zo + cot(0)z]) ( [E| )

(o + cot(8) 1 z]) (1; —ta,‘l‘;’l)f) + (w0 — cot(0)[12])) (1; taﬁgﬂﬁ)

2 dety(z)
(oo - cot(@)al) (1 ) + (w0 — cot(@) ) (15 )
B 2 dety(x)
1 _
= dete(l‘) (Io, *l’)

Obviously, we have 0371 = (cp10¢c1)p = co1 and 0372 = (cp20c2)g = Co2
and (cp10cg2)9 =0, i.e., {co1,co2} is a Jordan frame. The cone of squares of
the Euclidean Jordan algebra (R™, 0, 0) is the circular cone Qj [3, Theorem 5].
We have z € intQy iff Ag.min(x) > 0. We say « and s operator commute with
respect to @ if they share a Jordan frame, i.e.,

T = Agmax(T)co.1 + Ngmin(T)cp2  and 8 = Mg max(8)o,1 + Ao min(8)co,2,

for a Jordan frame {cg1,cg2}. The Lyapunov transformation Lg(z) and the
quadratic representation Pp(z) associated with z € R™ with respect to 6 are
respectively defined in [3]
xo cot?(0)zT
L =
o (x) |: x l’o[n,1 ’

and

23 + cot?(0) | z||? 2 cot?(0)woz T

— 2 _ 2y _
Py(@) := 2Lo(@)" = Lo(a") { 2x0T detg(z)I,—1 + 2cot?(9)zzT |
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Note that Ly(z)e = x, Ly(z)x = 2%, Py(x)e = 22, Py(x)r~! = x and using (1)
it follows that (x o s)g = Lg(z)s. Using the last equality it is clear that

(zo (2”0 s)g)e = (z° 0 (z08)p)e

is equivalent to
Lg(m)Lg(xQ) = Lg(mQ)Lg(x).

We say that two elements x and s are similar, denoted as = ~ s, if x and s
share the same set of eigenvalues. The Frobenius norm with respect to 6 of x

is defined as ||z|g,F = \/tr(a?) = \/)\2 (x) + A2 . (z), and the 2-norm of

6, max 6, min

x with respect to 6 is defined as ||z[/p.2 := max{| Ao, max ()], | Ao, min(z)|}. It is
clear that ||z|lg.2 < ||z|lo,r. For each x € R™, one easily verifies that

2 + cot?(6)||7? 2cot?()zoz”
1y dety(z)? detg(z)?
Py(a™) = s detg(z)I,_1 + 2 cot?(0)zzT
dety(x)? detg(x)?

Furthermore, Py(x™1)Py(x) = Pyp(z)Pa(z™ 1) = I, i.e., Py(z™1) = Pp(z) L.

In the sequel, we cite some lemmas and results on the circular cone which are
widely used in the subsequent sections. The proofs of Lemmas 1, 2, 3, 4 and
Lemma 5 are essentially similar to the proofs of lemmas 4.48, 4.49, 4.55, 4.56
and Lemma 4.58 in [8], respectively, and therefore omitted.

Lemma 1. Forall z,s € R", ||2°|lo.r < ||z[5.p-

Lemma 2. Letxz,s € R" and (z,s)p = 0, then one has
(i) —llz + s[5, re <oy (z0s)o Zap fllz+ s[5 Fe.

(i) lI@ o )ollo.r < 525 llz + sll3 -

Lemma 3. Given z € intQj, we have

2
1 ||l’ —€H9F
r—x < ).

Lemma 4. Letx,s €intQj, then

1
[|Po(z2)s — poello,r < [|(z 0 s)o — poello,r-



B. Kheirfam 89

Lemma 5. Let z,s € intQy, then Ao min (Pg(a:%)s) > )\gmin((at o 8)9).
Lemma 6. For all z,s € R", one has detg ((z 0 5)g) < dety(x)deta(s).

Proof. We have

dete((x o 8)9) = )\g,min((l' o s)g))\gymax((x o 3)9)

— (wos0 + cot?(0)275)” — cot?(8)||o5 + so||?,

detg(z)dety(s) = (Ag,min(2)Ag,max(2)) (Ag,min ($) Ao max(s))
= (zg - cot2(9)||£||2) (5(2) — cot2(9)| EHZ).

Therefore
detg(z)detq(s) — dety((z 0 5)p) = cot*(0)(||z]|*||5]> — (z7'5)%) > 0.

This completes the proof. O

In the sequel, we generalize the above definitions to the case when N > 1, that
is, the circular cone underlying Qp is the Cartesian product of NV circular cones
ngj . For any = € R", the algebra (R™,0,0) is defined as a direct product of
the Jordan algebras (R"/,0;,0) as

1

(zos)g = ((¢" 08)gy;..; (="

[¢] SN)QN) .
Obviously, if e/ is the identity element in the Jordan algebra for the jth circular

cone, then

is the identity element in (R", 6, 0). Moreover, tr(e) = 2N. The arrow-shaped
matrix Lg(z) and the quadratic representation Py(z) of (R", 0, 0) with respect
to 6 can be respectively adjusted to

Ly(z) := diag(L‘g1 (Jr:l)7 ...y Loy (l‘N)), Py(x) := diag(Pg1 (3:1), .o Py (xN))
Furthermore

)\G,max(-r) = 1§mjsz /\Gj,max(xj)a Ae,mirl(x) = 1%211\[ )\Gj,min(xj)y

and

g2

N N
2 _ i 112 _ j
5.0 =D 2715, p tr(@) = tr(a?).
j=1 j=1
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3. A feasible full NT-step algorithm

In this section, we present a feasible full NT-step IPM for CCO and its analysis.

3.1. The central path for CCO

By [5, cf.Theorem 2.4.1], strong duality holds, and primal and dual problems
are solvable if both (P) and (D) satisfy the interior-point condition (IPC),
i.e., there exists (20,1, s°) such that (Az%)y = b, 20 € intQf, ATy? +s° = ¢
and sY € intQy. This can be achieved via the so-called homogeneous self-dual
embedding (see [20]). Under the IPC, the optimality conditions for (P) and
(D) are given as follows [4]:

(Az)g =b, z € QF,
Aly+s=c, se€Qy, (3)
(xos)y=0.

The main idea of primal-dual IPMs is to replace the third equation in (3),
the so-called complementarity condition for (P) and (D), by the parameterized
equation (z o s)p = uge, with g > 0. Thus we consider the following system

(Az)g =0, x € Qp,
ATy+s=c, seQy, (4)
(x08)g = pge.
For any pg > 0 the parameterized system (4) has a unique solution x(py) and
(y(pe),s(1e)), as pp-centers of (P) and (D), respectively. The set of pg-centers
gives a homotopy path, which is called the central path of (P) and (D). Note
that at the pg-center we have

ol(15)s0(115) + ot 07 (1) 5(1e) = 5tx((w(115) 0 5110))0) = tr(use) = o N.

Then we can derive the duality gap as follows

gap = (¢, z(19))o — b" y(11g)
:CTIOQn (Me) (Ne)Tb y(lu’e)TAIGn (/1’9)—’_3/( ) AI@n ( )

(Afznx o) = b) = (10)" 13, (ATy(p0) — )
= y(ueo T((Ax ) (10)" 13 (o)
= a(pg)" I, nS(ﬂo) = xo(/ia)So(/io) + cot®(0) % (1) " 5(119) = o N.

If 119 tends to zero, then from the above equality it follows that (zos)y = 0, i.e.,
(4) becomes (3). This means that the central path converges to the optimal
solution of the problem.
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3.2. The Nesterov-Todd search direction

In this section we will propose the search directions for CCO. To this end, we
apply Newton’s method to system (4) to get the following system:

AIGQWA:L‘ =0,
ATAy+ As =0, (5)
(Az o s)g+ (x 0 As)g = pge — (z 0 5)g.

The system does not always have a unique solution, due to fact that = and
s do not operator commute with respect to 6 in general, i.e., Lg(z)Lo(s) #
Lo(s)Lg(x) (see [4]). It is well known that this difficulty can be solved by
applying a scaling scheme. This is achieved as follows.

The proof of the following lemma is similar to the proof of Lemma 28 in [22]
and is therefore omitted.

Lemma 7. Letu € intQg. Then (z0s)g = pge < (Py(u)z o Pg(u_l)s)e = pge.

Now, replacing the third equation in (4) by (Py(u)x o Pg(u_l)s)e = uge, and
then applying Newton’s method again, we get the system

AIg,nAa: = 0,
ATAy+ As = 0,
(Pg(u)A:E o Pg(u*1)5)9
+(Pp(u)z o Py(u=1)As)g = pge — (Py(u)x o Po(u=1)s)e.

(6)

By choosing u appropriately, this system can be used to define search directions.
Here, we choose u = w~? where

w = Pg(x%)(Pg(x%)s>_% [ - Pg(s*%)(Pg(s%)x)%]

This choice of directions was introduced by Nesterov and Todd [18, 19] and is
known as the NT-direction. We define

. Pg(w_%)x B Pg(w%)s
vim o [ (")
and
i, = Pg(w_%)Ax’ d. - Py(w?)As ()
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This enables us to rewrite the system (6) as follows:

A2, Py(w?)d, = 0,
I3, Pp(w?)AT 2L + 12 d, =0,

Lo(v)(dy +ds) = e — Lg(v)v.
By using
L@(/Uil)LO(U) = Inv L@(Uil)e = 0717

and

12, Py(w?) = (12, Po(w?)),

the above system can be written as follows:

A2 Py(w?)d, =0,
N T
(AU Pow?))) 3L+ 12,d, =0, (9)
dy +ds =v~ !t — 0.

It easily follows that the system (9) has a unique solution. Since the first
equation in (9) requires that d, belongs to the null space of AlgynPg (w%), and
the second equation that Ig,nds belongs to the row space of Alngg (w%)7 it
follows that

AL 15 ds = (de, ds)e = 0. (10)

From the third equation of (9) and (10) we obtain

Hdw + dSHZ,F = ||d$|

0.0 +lldslg p = llv™" = § p- (11)

The search directions d, and ds are obtained by solving (9) so that Az and As
are computed via (8). The new iterates are obtained by taking a full step, as
follows:

ry=x+ Az, yr=y+Ay, s4=s+As. (12)
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3.3. Proximity measure

In the analysis of the algorithm we need a measure for the distance of the

iterates (x,y, s) to the current ug-center (x(ug),y(me), s(g)). To this end, we
define a norm-based proximity measure §(z, s; 19) as follows

L1

0(zx, s; g) 1= 06(v) := §||v (13)
where v is defined in (7). Using (1) we have
N
tr(v?) = Ztr((vj ov?)g)
j=1
N . _ _
= > tr((vhvg + cot®(9) () ()05 (0)! + v (v)7))
j=1
N .
=23 (v§vf + cot*(O)(®) (9)')
j=1
N N
:Z(U(J)—&—cot +Z | — cot(6) /() ||)
j=1 j=1
N . .
- Z [Aﬁ,max(vj)2 + )\H,min(vj)2:| = HU”g,F'
j=1
Therefore, from (13) it follows that
46(v)* = lo™" = v|f p = tr(v?) + tr(v™?) — 2tr(e). (14)

3.4. The algorithm

Here, we summarize the above discussion and outline the algorithm. At the
start of algorithm, we choose a strictly feasible pair (¢, so) and u) = W
such that d(xo, so; 1)) < 7 with 0 < 7 < 1. Then, ug is reduced by the factor
1—-8 with 0 < § < 1 and the search directions are computed by solving (9). The
new iterates (x4, sy) are obtained by taking a full-NT step. The appropriate

choice of the values for 7 and § guarantees that (x4, sy) is strictly feasible and
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§(z4, s43pug ) < 7. This process is repeated until Ny < e.

Algorithm : Primal — dual feasible IPM
Input :

accuracy parameter € > 0;
barrier update parameter 5, 0 < 5 < 1;
threshold parameter 0 < 7 < 1;
strictly feasible pair (2°,s%) and pd > 0 such
that (zo, so)e = Nu§ and §(zo, so; pg) < 7.
begin
xi=a%y =y s =% p =
while Npg > €
(z,9,8) = (z + Az, y + Ay, s + As);
po == (1 — ) e
endwhile
end

4. Analysis of the algorithm

In this section, we first propose the feasibility condition of the full-NT step.
Then, we establish the local quadratic convergence of the full-NT step. Finally,
the global convergence of the algorithm is proved.

4.1. Feasibility of the full-NT step

Using (7), (8) and (12), we obtain

v =g Po(w?)(v+dy), sp = \/gPo(w?)(v +d). (15)

Since Py(w?) and its inverse Py(w™2) are automorphisms of Qy, x4 and s4
will belong to intQy if and only if v 4+ d, and v + d, belong to intQy. To find
a feasibility condition, which is Lemma 9, we need the following lemma.

Lemma 8. Ifé(v) <1 then e+ (dy 0ds)g € intQy.

Proof.  Since (d,,ds)g = 0, from Lemma 2(i) it follows that

1 1
— e + dillf pe S0y (ds 0 di)o 20y 7 lds + [, e
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or equivalently we have
1 1
ZHdw + dsll5 pe + (dz 0 ds)o = on 0, ZHd’” + dsll7 pe — (dz 0 ds)o =0y 0.
These expressions mean that
Noin (s + i3 e+ (e 0d)o) = Nomin((dsod)s) — (16)
il + il > 0,
and

1 1
AH,min(ZHdaz—’_dS”g,Fe_ (dibods)e) = ZHdE +dSH§,F (17)
_)\G,min((dx o ds)a) Z 0.

The inequalities (16) and (17) imply that
1 2
| A0, min (dz © ds)g| < Zde +dsllg,p-
On the other hand, from (11) and (13) it follows that
Jlde + 3 = 0™t =0l 5 = 50
4 T silo,F 4 6,F

Hence, if §(v) < 1 then —1 < Ag min(dz0ds)g < 1, and therefore e+ (d, ody)g €
intQp. This proves the lemma. O

The following lemma gives the strict feasibility of the full NT-step.

Lemma 9. Let§:=6(z,s;u9) < 1. Then the full NT-step is strictly feasible.

Proof. Introduce a step length o with 0 < a <1, and define
ve(a) = v+ ady, vs(a):=v+ ads.

We then have v,(0) = v, v,(1) = v+d,, and similarly v(0) = v, v5(1) = v+ds.
By using the third equation of (9) we have

(va(@) o vs(a)), = ((v+ ady) o (v + ady)),
= (vov)g+ a(vo (dy +ds))e + a?(d, ody)g
=(1—a)(vov)y +ae+a*(d, ods),
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Since ¢ < 1, Lemma 8 implies that (d, o ds)s »gy —e. Substitution gives

(vg () ovs(a))e =or (1 —a)(vowv)y+ae— a’e = (1—a)(v® + ae).

If 0 < o < 1, then (vy(a) o vs(a))9 >=gr 0. Hence we have det ((vg(a) o
vs(a)),) > 0. By Lemma 6, this implies that det(v,(c))det(vs(cr)) > 0, for
each a € [0,1]. It follows that det(v,(a)) and det(vs(«)) do not vanish for
a € [0,1]. Since we have det(v;(0)) = det(vs(0)) = det(v) > 0. By continuity,
det(v;(a)) > 0 and det(vs(a)) > 0 for each a € [0,1], whence v + d; »gy 0
and v + ds >gp 0. This completes the proof. O]

4.2. Local quadratic convergence

Here, we prove quadratic convergence to the target point (z(ug), s(rg)) when
taking full NT-steps. According to (7), the v-vector after the step is given by

- Pg(w;%)er B Pg(w%_)s+
vy = N =i }, (18)

where wy is the scaling point of z and s .
The proof of the next lemma is similar to the proof of Proposition 3.2.4 in [23]
and is therefore omitted.

Lemma 10. Let x,s € intQy. If w is the scaling point of x and s, then
(Pg (w%)s)2 ~ Py (:c%)s

Lemma 11. One has v ~ Pg((v—i—dz)%)(v—i—ds).

Proof. Tt follows from (18) and Lemma 10 that

1

1 2 1
pgv3 = (Pg(wj_)er) ~ Py(x3)s4.
Using (15) and item ii of [22, Proposition 21] for Py(x) we obtain
1 1
Py(x3)s4 = Py ((\/uepe(w%)(v +dy)) 2>\/W,P9(w*%)(v +ds)

= o Po ((Po(w?) (v + d2) * ) Polw™ ) (v + )

~ pg Py ((v + dm)%)(’U +dy).

From this the lemma follows. O
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Lemma 12. Let 6 = d6(v) < 1, then the full NT-step is strictly feasible and

62

V201 =62)

6(vy) <

Proof. Since § < 1, from Lemma 9 and its proof, it follows that v +d,, v+ ds
and (v +d;) o (v+ ds) belong to the intQj. By applying Lemma 3, we obtain

_ v 2 — e
20(03) = [log — (v3) " lo.p < LX) —€lor
/\G)min(%)?

Due to Lemmas 11, 5, 4 and 2, we get

26(vy) < ‘lpg((v+dz)%)(v+ds)76H6’F1
(Nomin (Po((0 + d2) 1) (0 + ) )
- ||((1) +d;)o(v+ ds))9 — 6”917}7'
Ao,min (0 + di) © (v + dy)) 2
H(dw odS)oHe),F
(14 Apin (s 0 ds),)*
- ﬁ”dm +ds||§7F - V262
e Y, =y ol

This proves the lemma. O

As an immediate consequence, we have the following simple result.

Corollary 1. If§ < %, then the full NT-step is strictly feasible and 6(vy) < 62,
which means that the full NT-step ensures local quadratic convergence of the proximity
measure.

4.3. Global convergence of the algorithm

The next lemma shows that the target duality gap is attained after a full NT-
step.

Lemma 13. Let (z,s) € Qy and pg > 0. Then (x4,51)o = uoN.
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Proof. Due to (15), Ig,nPg(x) = Pg(x)TIgm and Py(z~!) = Py(z)~! we may

write

(t1,51)0 = o113 54 = po(v + dy) T Py(w?)TIZ , Py(w™ %) (v + dy)
= po(v +dy) 12, Py(w?) Py(w?®) " (v + dy)
pio(v + dr)Tjg,n(v +ds) = po(v + do, v + ds)y.

Using the third equation of (9) we obtain

<7} + dz,’U + ds>9 = <’U7’U>9 + <U7dw + ds>0 + <dzyds>0
= <U,U>9 + <”U,”Ufl - 'U>9 + <dra d8>9
= <U,1}_1>9 + <dwads>9

— 7tr((v o Uﬁl)e) + (dy,ds)e

=N =

= —tr(e) + (dg, ds)e.

()

Using (10) and tr(e) = 2N, the lemma follows. O

In next lemma, we establish an important relation for the proximity measure
just before and after a pg-update.

Lemma 14. Let § := 6(w, s;19) < 1 and pf = (1 — B)ue for 0 < B < 1, then

BN

(s, s45p5)" = (1= B)3(v4)" + 21— B)

Proof. After updating ug' = (1 — B)ug, the vector vy is divided to the factor
V1 — . Using (13), it follows that

40(zy,545p5)? = ”mvll B \/%HEF
= V=Bt e - 25,

/82

1-B)|lv;" - U+||Z,F + m”%”g,}w

fQBtr(((v_T_l —wvy)o v+)9>
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= 41— By 4 N

1-p
—2Btr((vi' o vy)g) + 28tr((vy 0 vy o)
.  2B°N
= 4(1 - B)é(vy)" + -5 2ptr(e) + 48{v4, v4 )0
:4a—5w@92+ifgﬁﬂwN+4mv
2
:4u—5w@g2+?ig.

The inequality follows from the following fact

1 1
Py(w,?)zy Po(w?)sy

N TR

Therefore, the proof is complete.

lor 3.6 = 2(vs, 0400 = 2(
Mo

Corollary 2. Let §:=8(z,s;pg) < % and B = ﬁ with N > 2. Then

5y, 5131 ) <

=

Proof. From Corollary 1 we obtain

no

1
6(24,543p9) <07 < 3

2
>9 = 7<l’+, S+>9 =2N.

O

Then, after the barrier parameter is updated to M9+ = (1—PB)pe with g = ﬁ,

it follows from Lemma 14 that

1-8 1

V6

(19)

Note that 0 < 8 < L for N > 2. One easily verifies the right-hand side
is

expression in (19)
we have

1
+ 5 & 0.4206 < o

Then,
1
54,545 1g) < NG

This completes the proof of the corollary.

monotonically increasing with respect to 5. Consequently,
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5. Complexity of the algorithm

In this section, we derive the upper bound on the number of iterations needed
by the algorithm to find an e-approximate solution of CCP.

Lemma 15. Suppose that «° and s° are strictly feasible, ugN = (2°, s%)¢ and
5(x0, 5% ud) < % Moreover, let ¥ and s* be the iterates obtained after k iterations.
Then, the inequality (x*,s")e < € is satisfied for
z°, so>9

1,
k> —lo
=3 g

Proof. From Lemma 13 it follows that (z*, s*)y = ueN (1 — B)*(z, s%).
Then, the inequality (z*,s*)s < € holds if ( B)k(x0, 5%y < e. Taking loga-
rithms, we obtain klog(1 — 3) + log(z?, %) < loge. Using log(1 — B) < -5,
we observe that the above inequality holds if —gk + log(z, s%)¢ < loge, which
implies the inequality in the lemma. [

The following theorem gives an upper bound for the total number of iterations
produced by Algorithm.

Theorem 1. Let 8= ﬁ with N > 2. Then, Algorithm requires at most

0 .0
o ( /N log M)
€
iterations. The output is a primal-dual pair (x,s) satisfying (x, s)e < e.
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