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Abstract: Two digraphs of same order are said to be skew-equienergetic if
their skew energies are equal. One of the open problems proposed by Li and
Lian was to construct non-cospectral skew-equienergetic digraphs on n vertices.
Recently this problem was solved by Ramane et al. In this paper, we give some
new methods to construct new skew-equienergetic digraphs.
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1. Introduction

Through out this paper we consider only simple graphs i.e, graphs with no
multiple edges and loops. Let G = (V, E) be a graph with vertex set V(G) =
V = {v1,va,...,v,} and edge set E(G) = E. The graph G together with an
orientation ¢ which assigns to each edge of G a direction is called a digraph
and is denoted by G?. Each directed edge joining the vertices v; and v; in
G with v; and v; being the initial and terminal vertex, respectively is known
as an arc from v; to v; and is denoted by (v;,v;). The adjacency matrix of
G, denoted by A(G), is the n x n matrix [a,;], where a;; = 1, if the vertices
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v; and v; are adjacent in G, otherwise a;; = 0. We denote the adjacency
spectrum of G by (M (G),A2(G),..., A (G)), where X\;(G) (i = 1,2,...,n)
are the eigenvalues of A(G). The energy of a graph G is denoted by €(G)
and is defined to be the sum e(G) = Y. | |\;(G)|. The concept of energy
of a graph was introduced by Gutman [10] with an application to chemistry
(Huckel molecular orbital approximation for the total m-electron energy [12]).
The energy of a graph G has been extensively studied by many mathematicians
and their works can be found in [4, 5, 7, 8, 10, 11, 17] and therein references.
Two graphs G; and G2 of same order are said to be equienergetic graphs if
e(G1) = e(G2). More information about equienergetic graphs can be found in
[8, 14, 18, 19, 21, 22] and therein references. Recently, Adiga et al. introduced
skew-adjacency matrix and skew-energy of a digraph. The skew-adjacency
matrix of a digraph G of order n denoted by S(G7), is the n x n matrix [s;;],

where
1 if there is an arc from v; to vy,
s;j = 4 —1 if there is an arc from v; to v;,
0 otherwise.

S(G7) is a skew-symmetric matrix and hence all its eigenvalues are
purely imaginary. We denote the skew-adjacency spectrum of G7 by
(M(G7), A2(G?), ..., A\ (G7)), where \(G7) (i = 1,2,...,n) are the eigen-
values of S(G7). The skew-energy of a digraph G, denoted by €,4(G) is the
sum 4(G) = >, [\i(G7)|. Works on skew-energy of a digraph can be found
in [1-3, 6, 9, 13, 15, 16] and therein references. Two digraphs G7' and G52 of
same order are said to be skew-equienergetic if 5(G7") = £5(G9?).

Let G1 and G5 be two graphs. The join of G; and G» is the graph G; V G,
obtained by joining each vertex of Gy to every vertex of G2. The join of G7*
and G52 is the digraph G{*' — G52, obtained by adding arcs from each vertex of
G7* to every vertex of G92. Recently in [16] Li and Lian proposed the following
problem.

Problem 1. [16] How to construct families of oriented graphs such that they have
equal skew energy but they do not have the same spectra?

The above problem was addressed by Ramane et al. [20] and gave a method
to construct skew-equienergetic digraphs. In fact they proved the following.

1. Let G{* and G52 be two digraphs of order n and m, respectively. Suppose
that the in-vertex degree of each vertex v of G{' (respectively, G5?) is
same as the out-vertex degree of v, then

2
P,(GS = G2, z) = %PS(G?,:U)PS(G?,:U).
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2. There exists a pair of skew-equienergetic digraphs of order n, for all n > 6.

Motivated by this we construct some new skew-equienergetic digraphs. The
paper is organized as follows: In Section 2, we give a method to construct
skew-equienegetic digraphs via equienergetic graphs, also we give an alternate
proof of the Theorem 2.1 in [20]. Further we extend the class of digraphs
G7' — G3? whose skew-adjacency spectrum is completely known, which helps
us to construct new skew-equienergetic digraphs. In Section 3, we define some
new join operations on digraphs and construct some new skew-equienergetic
digraphs.

2. Construction of skew-equienergetic digraphs

The characteristic polynomial of a graph G is given by P,(G,z) := |aI —
A(G)| and the characteristic polynomial of a digraph G? is given by
Py(G°,x) = |zl — S(G”)|. Let G be a graph with vertex set V(G) =
{v1,v2,...,v,}. The Duplication D(G) of a graph G is a graph with ver-
tex set V(D(G)) = {v1,v2,...,0,,0],05,...,v,} and edge set E(D(G)) =
{vivj : vv; is an edge in G}. The Duplication D(G?) of a digraph G is a
digraph with vertex set V(D(G?)) = {v1,v2,...,0p, V], V5, ..., v, } and arc set
E(D(G?)) = {(vi,v}) : (vi,v;) is an arc in G7}.

we need the following results to prove our main results.

Theorem 1. [21] Let Gy be an ri-regular graph of order n, and G2 be an ra-
reqular graph of order m. Then the characteristic polynomial of their join G1V G2 is
given by

(z—71)(x —r2) —nm
(x —r1)(z —r2)

Pa(Gl \/Gg,l’) = Pa(th)Pa(GQ,ZE).

Theorem 2. [21] There exists a pair of equienergetic graphs of order n for all
n>9.

Lemma 1. [15] Let G be a bipartite graph and G° be an orientation of G. If every
even cycle is oriented uniformly then Sp(G°) = iSp(G).

Lemma 2. [7] If M,N,P, and Q are matrices with M being a non-singular
matriz, then
M N|_ .
Y & | e -y
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An even cycle C of length 2k in G is said to be oddly oriented (respectively,
evenly oriented ) if it has odd (respectively, even) number of arcs in the direction
of routing. An even cycle C' of length 2k in G is said to be oriented uniformly
if C' is evenly oriented, when k is even and oddly oriented, when k is odd.

Theorem 3. Let Gi and G2 be bipartite equienergetic graphs. If every cycle of
G7' and G3? are oriented uniformly, then G7* and G52 are skew-equienergetic.

Proof. Since G{' and G3? are oriented uniformly by Lemma 1, we have
Sp(GT') = iSp(G1) and Sp(G5?) = iSp(Gz). Hence £(Gy) = 5(G7") and
e(G2) = €5(G9?). Now, as Gy and Gy are equienergetic graphs we see that
S (GT) = es(GT?). o

Corollary 1. There exists a pair of skew-equienergetic digraphs of order 2n for
allm > 9.

Proof. From Theorem 2, there exists a pair of graphs G; and Ga, both of
order n (n > 9), with ¢(G1) = €(G2). It is easy to see that the duplication
graph D(G;) (i=1,2) of G; is bipartite and e(D(G;)) = 2¢(G;). So D(G1) and
D(G2) are equienergetic bipartite graphs. Now let U;, V; be the partition sets
of D(G;). Consider D(G;)?%, where o; is an orientation such that all arcs are
from U; to V;. Clearly D(G1)* and D(G2)?? are uniformly oriented. Hence
by the above theorem D(G1)?* and D(G3)?2 are skew-equienergetic. O

Ramane et al. proved the following theorem by using elementary row and
column operations on determinants [20]. Here we use matrix theory and give
an alternative proof (more compact) for the same.

Theorem 4. [20] Let GT' and G5? be two digraphs of order n and m, respectively.
Suppose that the in-vertex degree of each vertex v of GJ* (respectively, G52 ) is same
as the out-vertex degree of v, then

2
PG = G3,x) = TP (G ) PG ).
Proof. We have
o o sS@ey g

where J is the n x m matrix with all its entries are 1.
Since S(G{') and S(G{') are normal matrices, they are unitarily diago-
nalizable. Now, as S(G7')1 = 0 and S(G3?)1 = 0, we have S(G{') =
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UiD,Uf and S(G3?) = UsDyUs, where U; and Uz are unitary matrix
1
—(1,1,...1 d —(1,1,...1 -
n( e ) an m( y = )’ re
spectively.  Also D; = diag(A(G7"), A2(GTY), ..., A\ (GTY)) and Dy =
diag(A1(G3?), A2(G3?), ..., An(G5?)). Hence the above equation can be rewrit-
ten as follows.

having its first column vector as

o o -UlDlUf< J
S(GT* = G3?) =
( 1 - 2) I 7JT U2D2U5:|
(oo D, UJU,[UF 0
Lo || -U3JTUy Dy 0 U3
. _Ul 0 D1 \/nmJ’ Ul* 0
L0 U | —vamJ" D 0 Us |’

where J’ is the matrix obtained from J by replacing every entry by 0, except
the first diagonal entry. So, by above equation we see that

zl, — D1 —y/nmJ’

I— 71 72)| =
|z S(GT" — G3?))| i 21, — Dy

Now by applying Lemma 2 to the above equation, we obtain the following.

|2l — S(GT* — G$?)| = |al, — D||xly — Do +nmJ'J" (xI, — D1)~}

x2 + nm
Thus
o1 a2 IZ +nm [on) g2
P,(G]' - G?,x) = 2 P, (G, z)Ps (G2, x).

O

As an immediate consequence of the above theorem, we have the following
corollary.

Corollary 2. [20] Let G]* and G52 be two digraphs of order n and m, respectively.
Suppose that the in-vertex degree of each vertex v of GI* (respectively, G52 ) is same
as the out-vertex degree of v, then

es(GTY = G3%,x) = e,(GT*, 2) + e5(G2, ) + 2¢/nm.
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In the following remark we give a method to construct a digraph G” such that
in—dega,~(v) = out—dega,~(v), for all vertex v in G17, starting with a digraph
G°.

Remark 1. Let G be a digraph with vertex set V(G?) = {v1,v2,...,v,}. Let
D*(G?) be the digraph with vertex set V(D*(G7)) = {vi,v2,...,n,V],05,...,05}
and arc set defined as follows.

a. (vi,v;) is an arc in D*(G?) if (vi,v;) is an arc in G°.

b. (vi,v}) is an arc in D*(G?) if (vj,v;) is an arc in G°.

%) is an arc in D*(G?) if (v, v;) is an arc in G°.

c. (vf,v;

Then in—degp= (o) (v) = out—degp«(ao)(v), for all vertex v in D*(G7).

As an application of Theorem 4, we construct a digraph G° of order n (n > 4)
such that ¢(G) < €5(G7).

Corollary 3. Let G; (i = 1,2) be r;-reqular graphs of order n; together with
an orientation o; such that e(Gi) = e€(G7*), r1 +r2 # 0 and in—degge: (v) =

out—degei (v) for all vertices v in G7*. Then
e(G1V Ga) < es(GT* — G32).

Proof. By our hypothesis and Theorems 1 and 4, we obtain

es(GTt = G3?) —e(G1 V Ga) = 2y/ning +r1 + 12 — \/(Tl —1r9)2 +4ning > 0.
This completes the proof. O

Example 1. Let G° be a digraph as shown in Figure 1. Then

e(GV Kn) <es(G7 — Kun),

for all m > 1.

G :

Fig. 1. 4-cycle together with an orientation o.
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The following theorems extends the class of digraphs G7* — G52, whose spec-
trum is completely known.
Let B := B]"(U;, W;) (i = 1, 2) be bipartite digraphs such that |U;| = |W;| =

n; and S(Bfi(Ui,Wi)):[ 0 X

X 01 }, where X; is a (0,1)-n; x n; matrix and

Theorem 5. The characteristic polynomial of B]* — B3? is

t + (r% +ri4 4n1n2)x2 +rir2 P

P,(B°* — B3, q) =
-(Bi 2%52) (z2 4+ r?)(x2 +13)

(BY', 2)Ps(B3*, ).

Proof. We have

0 X

-X; 0
S(Bi' = B3*) = ;
0 X5

-Jr
—Xs 0

where J is the 2n; X 2ns matrix whose entries are all 1. Denote the eigenvalues
of X; by Aij, 1 < j < n,;. Using the fact that X; (i = 1,2) are orthogonally
diagonalizable and X;1 = 7;1, one can easily see that the above matrix is
similar to

0 Dy -
1 1) o vema
-D; 0
11 T 0 D
{1 1}@)_\/@]
—D2 0

where J’ is the ny X ny matrix having its first diagonal entry as 1 and remaining
entries as 0 and D = diag(r1, A2, ..., A1n, ) and Do = diag(re, Ao2, ..., A2n, )-



64 More skew-equienergetic digraphs

So,
Z‘Inl —D1 11
[ 11 } ® —y/ningJ’
D1 Z‘Inl
[z = S(Bi* — B3?*)| =
11 r 2hny —Ds
® \/anLQJI
11
D2 Ilnz

Applying Lemma 2 to the above determinant we obtain

_ o1 ooy _ | #ny —D2
|zl — S(B]* — B3?)| = Dy al,, X
-1
SCInl 7D1 1 ) I’[n2 D2 11 P
tmang | ® J 11 @J . (1)
D, =zl Dy 1,
Now, since
221, + D3 0 11 /T 2?2+ 73 2%+ /T
R | CEae bepe e |
we have .
.’EIn _D2
1 1:| 2 [1 1] T 2x 11 T
®J’ ®J’ :ﬁ ®J/J/ .
11 Dy I, 11 (x2+r3) 11
Hence the equation (1) can be rewritten as
$In2 _D2
[zl — S(BY" — B3*)| =
DQ LUInZ
" Iy =D N 2ningzr [ 11 o "
(@2+7r3) |11

D1 .Z‘Inl
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271177/2:17 0 2n1n2:1:
2mingx o 2mner
(22 +73) L)
xl,, —Dy 0 B S 0 -D}
p— X ,
Dy xly, b Zmmer 2mmaz
) @+ r2)
0 Dll O (E-[nlfl

where D] = diag(A12, M3, .-, A1n, ). Again applying Lemma 2 to the above
equation, we see that

- o 2t 4+ (r? 472 + dnyng)a® + rir2 - p
[z —S(B7* — B3*)| = zxz _,_QT%)(:@_,_T%) =2 Py(BY", x)Py(B3?, ).

O

The following theorem follows immediately from the above theorem.

Theorem 6. The skew-energy of the digraph B7* — B3? is given by

\/5(\/7“12 +ra24+4nine — A+ \/7‘12 +ro2 +4ning +A)
+es(BYY) +es(B3?) = 2(r1 +12),

where A = /114 — 27127132 + 8712n1n2 + 124 + 8722n1n2 + 16 n22n, 2.

As a consequence of the above theorem we have the following corollary, which
gives us a method to construct skew-equienergetic digraphs.

Corollary 4. Let B]' := B (U;, W;) (i = 1,2) be skew-equienergetic bipartite
digraphs such that |U;| = |W;| = n and S(B7 (Ui, W;)) = [_g( )éz }, where X;
is a (0,1)-matriz of order n and X;1 = r1. Let By := BY"(U;, W;) (i = 3,4) be
skew-equienergetic bipartite digraphs such that |U;| = |W;| = m and S(B7 (U;, W;)) =
[ 0 X

X 0 }, where X; is a (0,1)-matriz of order m and X;1 = r21. Then

es(BY'Y — B3?) = es((B3? — BJ*).
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Remark 2. The above corollary enables us to construct skew-equienergetic di-
graphs via equienergetic graphs. In particular, if G; and G2 are equienergetic regular
graphs of same degree, also if Gz and G4 are equienergetic regular graphs of same
degree, then

es((D71(Gh) = D7*(Gy)) = es((D72(G2) = D”*(G4)),

where D7 (G;), (1 = 1,2,3,4) is the duplication graph together with partition sets
U;, W; and an orientation o; such that all arcs are from U; to W;.

As the proof of the following theorem is analogous to that of Theorem 5 we
omit the details.

Theorem 7. Let G° be a digraph of order m such that in—deggo (v) =
out—degae (v), for all vertices v in G°. Then

o o 2 +7r+ 2mna - -
Py(BJ* = G%,z) = —(m21+ 25 P,(BJ', x)Ps(G°, x),
1

es(BYY = G7) = 24/72 + 2nim + e5(B7Y) + &5 (G7) — 2r1.

The following result follows immediately from the above theorem.

and

Corollary 5. Let B]? := B] (U;, W), (i = 1,2) be skew-equienergetic bipartite
digraphs such that |U;| = |W;| = n and S(BY*(Us;, W;)) = ())( )éz
—Xi
(0,1)-matriz of order n and X;1 =r11. Also let G]* and G3? be skew -equienergetic
digraphs such that in-vertex degree of each vertex in G* (respectively, G3*) is same
as the out-vertex degree. Then

], where X; is a

es(B7t — G1') = e4(B3? — GJ?).

Corollary 6. There exists a pair of skew-equienergetic digraphs of order 2m, for
all m > 3.

Proof. Let C7 be a 3-cycle as depicted in Figure 2.

Fig. 2. 3-cycle together with an orientation o.
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Consider the digraphs D(C?) and D*(C?). Clearly S(D(C?)) = {

S(C7) —8(C9)
-5(Cc°) S(C9)
D(C°) and D*(C?) are (£v/3i,£v/3i,0,0) and (£2v/3i,0,0,0,0), respectively. And
SO

and S(D*(C7)) =

Hence the skew-adjacency spectrum of

£4(D(C7)) = e(D*(C7)) = 26,(C°) = 4V/3.

Thus the digraphs D(C?) and D*(C?) are skew-equienergetic of order 6. Moreover
in-vertex degree of each vertex in D(C?) (respectively, D*(C?)) is same as the out-
vertex degree. Therefore by above corollary we see that the digraphs mK,] — D(C?)
and mK; — D*(C?) are skew-equienergetic for all m > 1. This completes the
proof. O

3. Some new joins of digraphs

Let G{* and G52 be two bipartite digraphs with partition sets Uy, V4 and Us,
V5, respectively. We now define new join operations as follows

Definition 1. The join-1 of digraphs G7' and G52, denoted by G7'j1G3? is a
digraph obtained from G7* and G52, by adding arcs from each vertex in U; to every
vertex in Us and Vs.

Definition 2. The join-2 of digraphs GJ' and G52, denoted by G{'j2G32 is a
digraph obtained from G7* and G32, by adding arcs from each vertex in U; (respec-
tively, V1) to every vertex in Uz, (respectively, V2).

Definition 3. The join-3 of digraphs G7' and G52, denoted by G7'j3G3? is a
digraph obtained from G7* and G52, by adding arcs from each vertex in U; to every
vertex in Us.

Definition 4. The join-4 of digraphs GJ' and G52, denoted by G7'j4G3? is a
digraph obtained from G7* and G52, by adding arcs from each vertex in U; to every
vertex in Uz and Va, also adding arcs from each vertex in Vi to every vertex in Va.

Definition 5. Let H? be a digraph. The join-5 of digraphs G7* and H, denoted
by G7'j5G3? is a digraph obtained by G7* and H?, by adding arcs from each vertex
in Uy to every vertex in H?.

As the proof of the following theorem is similar to that of Theorem 5, we omit
the details.
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Theorem 8. Let B := B]*(U;, W;) (i = 1,2) be bipartite digraphs such that
|Ui| = |Wi| = ns and S(B] (U, Ws)) = {_;T )él ], where X; is either a (0,1)-

i
symmetric matriz of order n; or a (0,1,-1)-skew-symmetric matriz of order n; and
X;1 =r;1. Let H? be a digraph of order m such that the in-vertex degree of each
vertex in H? is same as the out-vertex degree. Then

a* + (rf + 13 4 2ning)a® 4 rird
(@2 +r])(2* +13)

1. Po(B{*j1B3%,z) = P, (BT, z)Ps(B32, ).

9. P.(BPUjaB32,x) = zt + (rf + r% + 2n1n2)x2 + r%r% — 2rironine + n%ng
TR (@ +r})(@? +13)

x Py(B7Y,z)Ps(B3?, ).

4 2 .2 2,22
x4+ (ri + 75 + ning)z” + riry
S

3. Py(B?'j3BJ?, x) =
(Bi's %) (@ + 12)(a? +13)

(Bflvw)PS(B527x)'
zt + (r% +7r3+ 3n1n2)x2 + 7213 — 2rironing + ning
(22 +7?)(2? +13)

x Ps(BY', ) Ps(B3?, x).

4. Ps(By'jaB3*, x) =

2 2
5. Pu(By jsHT o) = - X MM p (ges o) P (H7, ).
@ +13)
1

As a consequence of the above theorem, we obtain the following result.

Theorem 9. Let B} := B]"(U;,W;) (i = 1,2) be bipartite digraphs such

o X

that |U;| = |Wi| = n; and S(B]*(U;, W;)) = { —E)X 0

(0,1)-symmetric matriz of order n; or a (0,1,-1)-skew-symmetric matriz of order n;

and X;1 =r;1. Let H° be a digraph of order m such that the in-vertex degree of each

vertex in H® 1is same as the out-vertex degree. Then es(B7*j1B5?),es(By'j2B5?%),
es(BY'j3B3?), es(By'jaB3?) and e5(B7' jsH?) are respectively

}, where X; s either a

1. \/i(\/ﬁ2 + 724+ 2n1ne — AL+ Vri2 + 122 +2ning +A1)
T ea(BY) + eu(BE?) — 2001 +72),
where

A = \/7"14 — 2712192 + 47112010 + 12 + 41220192 + 422N, 2.

2. V2 (\/7”12 + 7122+ 2n1ine — Az + V2 + 122 + 2ning + Az) +es(B7Y)
+es(B3?) = 2(r1+r2),
where

As = \/T14 — 2712192 +47r1%2n1ne + 1ot +4r22n1ne + 8 riraning.
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3. V2 (\/7“12 + 722+ ning — Az + V1?2 +r2% + ning + Az)
+es(B7") +es(B3?) — 2(r1 +12),
where

As = \/7"14 — 2712192 + 2712n1n2 + 12t + 27r92n1ns + na2ni 2.

4. V2 (VriZ 4+ r22 4 3nane — As + V12 + 122 + 3nang + Ay)
+es(BYY) +e5(B5?) — 2(r1 + 12),
where

Ay = \/7"14 — 2712192 +67r12n1n2 + 12t + 67122n1n9 + 8Tiraning + 571%71%

5. 2¢/r? + nim+es(B7Y) + es(H?) — 2r1.

The following corollary follows immediately by the above theorem.

Corollary 7. Let B]" := B]"(U;, W;) (i = 1,2) be skew-equienergetic bipartite
digraphs such that |U;| = |W;| = n and S(B7'(U;, W;)) = g( )éz }, where X;
—Xi
is either a (0,1)-symmetric matriz of order n; or a (0,1,-1)-skew-symmetric matriz
of order n and X;1 = r1. Let B]" := BY*(U;, W;) (i = 3,4) be skew-equienergetic
bipartite digraphs such that |U;| = |W;| = m, S(B7*(U;, W;)) = —?X )él }, where
X is either a (0,1)-symmetric matriz of order n; or a (0,1,-1)-skew-symmetric matric
of order m and X;1 = r21. Also let H* and H3? be skew-equienergetic digraphs
such that in-vertex degree of each vertex in H]' (respectively, HJ?) is same as the

out-vertex degree. Then
1. Es BtlylleU3 Es 322]1304 .

&s(B1j2B3®

Es 3202_]23:174 .

g1 g
es(By'jaB3?

o o
Es 322]4344 .

( ) =es( )
( ) = es( )
es(BY"jaBy?) = es(B3? ja Bi*).
( ) = es( )
( ) = es( 2”)

AR R

o1 -
es(B7YjsHY) = &5

Corollary 8. There exists a pair of skew-equienergetic digraphs of order 2m, for
all m > 3.

Proof.  The digraphs D(C?) and D*(C?) are skew-equienergetic of order 6. Also,
the in-vertex degree of each vertex in D(C?) (respectively, D*(C?)) is same as the out-
vertex degree. Therefore by above corollary we see that the digraphs mKJ j5D(C?)

and mKJ jsD*(C7) are skew-equienergetic for all m > 1. This completes the proof.
O



70 More skew-equienergetic digraphs

Let G° be digraph with vertex set V := V(G?) and arc set E := E(G7). We
now define Mycielskian digraph of a digraph as follows.

Definition 6. The Mycielskian digraph p(G?) is the digraph with the vertex set
V(@) = VUV U {u}, where V' = {2’ : * € V} and the arc set E(u(G)) =
Eu{(z,y): (z,y) €e E}U{(z',u): 2’ € V'}.

Theorem 10. Let G be a digraph on n vertices such that the in- vertex degree
of each vertex is same as the out-vertex degree. Then the energy of n(G?) is given by

£ ((G7)) = 2v/n + V52 (G7).

Proof. With suitable labelling of the graph u(G?), the skew adjacency matrix
of 1(G7) can be formulated as follows.

0 S(G7) e
S(u(G?) = | S(G7) S(G7) 0|,
—eT 0 0

where e is the column vector of size n with all its entries are 1. So,

xI, -S(G°) -—e
2l = S((G7))| = —S(TG") zl, —S5(G7) 0
e 0 T

Now using Lemma 2, we see that

ol + (J/z)  —S(G7)

2l = S(u(G?))| == -S(G°)  zI, - S(G%)

)

where J is the square matrix of order n with all its entries are 1. Using the
fact that S(G7) is unitarily diagonalizable, one can rewrite the above equation
as follows.

xl, + (nJ'/x) —D(G?)
~D(G°)  zI, — D(G°)

)

2l = S(u(G7))| = =

where D = (A (G?) = 0,A2(G%),..., A\ (G?)) and J' is the n X n matrix
obtained by replacing all the entries of J by 0, expect the first diagonal entry.
Again applying Lemma 2 to the above equation, we have

|1 — S(u(G?))| = x|zl — D(G)|Jal, + (nJ'/z) + (zI, — D(G7)) ™ D*(G7)]
= x(x? +n) H(m2 — Mi(G%)z — N3(G?)).

=2
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Thus the spectrum of p(G7) is

{0, i/, A (G7) <1 i\/g) (G (1 iQ*/5> }

Hence

1-+/5
2

1++V5
2\[+

es(u(G7)) = 2\/ﬁ+<
2v/n 4+ V5e,(G7).

) (PG 4+ [Aa(G7)])

O

Corollary 9. Let G° and H” be skew-equienergetic digraphs on n vertices such
that the in-vertex degree of each vertex in G° (respectively H” ) is same as the out-
vertex degree. Then

s (u(G7)) = s (u(H")).

Theorem 11. Let BY' := B{' (U1, W1) be a bipartite digraph such that |U| =
Wi| = n and S(B(Uy, Wh)) = { 0 X

X 0 }, where X1 is a (0,1) matriz of order
—X1
n and X11 =1r11. Then

eo(u(B7Y)) = V2 [\/3r§ +2n 4 At /307 + 20 - A} +VBes (BT,

where A = /br} — 4r?n + 4n?.

Corollary 10. Let B} := B]"(U;, W;) (i = 1,2) be skew-equienergetic bipartite
digraph such that |U;| = |W;| = n and S(B]*(U;, W;)) = { —E)K )él }, where X; is a
(0,1) matriz of order n and X;1 =r11. Then

es(u(B")) = es(u(B2?))-
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