COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION
Vol. 1 No. 1, 2016 pp.29-41 CCO
DOI: 10'22049/00042016'13543 CoMMUN. COMB. OPTIM.

New bounds on proximity and remoteness in graphs

P. Dankelmann

Department of Pure and Applied Mathematics, University of Johannesburg,
PO Box 524 Auckland Park 2006, South Africa
pdankelmann@uj.ac.za

Received: 27 June 2016; Accepted: 6 August 2016;
Awailable Online: 7 August 2016.

Communicated by Alireza Ghaffari-Hadigheh

Abstract: The average distance of a vertex v of a connected graph G is
the arithmetic mean of the distances from v to all other vertices of G. The
proximity 7(G) and the remoteness p(G) of G are defined as the minimum and
maximum, respectively, average distance of the vertices of G. In this paper
we investigate the difference between proximity or remoteness and the classical
distance parameters diameter and radius. Among other results we show that
in a graph of order n and minimum degree § the difference between diameter
and proximity and the difference between radius and proximity cannot exceed
4((?711) +c¢1 and % + c2, respectively, for constants ¢1 and ¢ which depend
on ¢ but not on n. These bounds improve bounds by Aouchiche and Hansen [3]
in terms of order alone by about a factor of ﬁg’l. We further give lower bounds
on the remoteness in terms of diameter or radius. Finally we show that the
average distance of a graph, i.e., the average of the distances between all pairs
of vertices, cannot exceed twice the proximity.

Keywords: proximity; remoteness; diameter; radius; average distance; Wiener
index.
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1. Introduction

Let G be a simple onnected finite graph representing a transportation network.
An important indicator for the suitability of a vertex v as a location for a
facility is the expected distance between v and a randomly chosen vertex, i.e.,
the average of the distances between v and all other vertices. We define the

(© 2016 Azarbaijan Shahid Madani University. All rights reserved.



30 New bounds on proximity and remoteness in graphs

average distance @(v) of v as the arithmetic mean of the distances from v to
all other vertices,i.e., if G has n vertices then

E(v)z% > da(v,w),

weV(G)—{v}

where dg(v,w) is the usual distance between v and w. The proximity 7(G)
and remoteness p(G) of a connected graph G are defined as the smallest and
the largest, respectively, of the average distances of all vertices, i.e.,

G)= min o(v), G) = 7(v).
m(G) Uglvl(%)ff(v) p(G) vglvaé)ff(v)

Informally, the proximity and the remoteness of a graph describe the distance
from a most central and from a least central vertex to a typical vertex.

Zelinka [12], and independently Aouchiche and Hansen [3] showed that in a
connected graph of order mn, the proximity and the remoteness are bounded
from above by approximately % and 5. Aouchiche and Hansen [3] showed
that the difference between remoteness and proximity cannot exceed a value
of approximately %. The author of the present paper showed in [6] that for
graphs of minimum degree ¢, where § > 2, these three bounds can be improved
approximately by a factor of %.
in graphs see [1, 2, 4, 8, 10, 11].
In this paper, we investigate how proximity and remoteness relate to the clas-

For more results on proximity and remoteness

sical distance parameters diameter, radius, and average distance. More specif-
ically, we give upper and lower bounds on the difference between diameter and
proximity and the difference between radius and proximity in terms of order
and minimum degree, thus improving bounds in terms of order alone due to
Aouchiche and Hansen [3] by about a factor of %. We also present lower
bounds on the remoteness in terms of diameter and radius, respectively. Re-
lating the proximity to the average distance, we also show that the average
distance of a graph is less than twice its proximity.

The notation in this paper is as follows. By GG we always denote a finite, simple,
connected graph on n(G) vertices with vertex set V(G). For a vertex v of G,
N¢(v) is the neighbourhood of v, i.e., the set of vertices adjacent to v, and Ng[v]
is the closed neighbourhood of v, i.e., the set Ng(v) U{v}. For A C V(G) we
define N[A] = [J,c4 N[v]. The degree degg(v) of v is the number of vertices in
Ng(v), and the minimum degree 6(G) of G is the smallest of the degrees of the
vertices of G. The distance between two vertices v and v, i.e., the minimum
length of a (u,v)-path, is denoted by dg(u,v). The eccentricity eccg(v) of
v is the distance from v to a vertex farthest from v. The largest and the
smallest of the eccentricities of the vertices of G is the diameter and the radius,
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respectively, denoted by diam(G) and rad(G). The average distance u(G) is
defined as (5) - > {uvycv A(u,v). The average distance is closely related to the
Wiener index, which is defined as >, 1y d(u, v). If the graph is understood
from the context, then we sometimes omit the argument or subscript G.

For a vertex v and a set A C V, we define o(v, A) as the sum of the distances
from v to all vertices of A. Instead of o(v,V(G)) we usually write o(v).

By K, we mean the complete graph on n vertices. For disjoint graphs
G1,Ga, ..., Gy the sequential sum G1 + Ga + - -+ + Gy, is the graph obtained
from the union of G1,Ga, ..., G by joining every vertex of G; to every vertex
of Giy1 for i = 1,2,...,k — 1. If in a sequential sum a pattern is repeated ¢
times, then we indicate this with square brackets and the exponent ¢; for exam-
ple G1+[G2+G3]Z+G4 stands for G1+Ga2+G3+Go+G3+---+Ga+G3+ Gy,
where the pattern G2 + G3 appears ¢ times.

2. Results

2.1. Proximity and remoteness vs diameter

Aouchiche and Hansen [3] gave the following bound on the difference between
the proximity and the diameter.

Theorem 1. ([3]) Let G be a connected graph of order n. Then

3n=5 __ 1

diam(G) — 7(GQ) < { 4, _dn—d

4

if n is even,
if n is odd.

Equality holds if and only if G is a path.

The diameter of a graph of order n is at most n — 1, and the proximity is at

most 2L for odd n and 2 + ﬁ for even n (see [3, 12]). For graphs of
3

given minimum degree both bounds can be improved by about a factor of 577.
This was observed, for example, by Erdos, Pach, Pollack and Tuza [9] for the
diameter, and by Dankelmann [6] for the proximity.

Theorem 2. ([9]) Let G be a connected graph of order n and minimum degree §,
where 6 > 2. Then
3n

. < 3
diam(G) < S+l

L

and this bound is sharp, apart from an additive constant.
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Theorem 3. ([6]) Let G be a connected graph of order n and minimum degree §,

where 6 > 2. Then
3n

m(G) < G+1) +3,

and this bound is sharp, apart from an additive constant.
It is reasonable to ask if the bound on the difference between diameter and

proximity in Theorem 1 can also be improved by about a factor of The
following theorem shows that this is indeed the case.

5+1

Theorem 4. Let G be a connected graph of order n and minimum degree §, where
n > 20 and § > 2. Then

9 3

diam(G) — 7n(G) < 0+ 1)n—|— 1

. (1)

Proof: Let d = diam(G), let vy and vg be two vertices of G at distance d, and
let P : vg,vyq,...,vq be a shortest path between them. For ¢ = 0,1,...,d let
A = {wh,w?,...,w!} be a set of § neighbours of v;, and for i = 0,1,..., [g}
let B; = {v;,v4—;} U A; U Ag—;. We now fix a vertex v with a(v) = 7(G). By
the triangle-inequality we get d(v,v;) + d(v,v4—;) > d(v;,v4—;) = d — 2i, and
thus d(v, w;) + d(v, wg—;) > d(vi,vg—i) —2 = d — 2i — 2, for every w; € Ng(v;)
and wy—; € Ng(vq4—;). Hence,

5
O'(U,Bi) = d(’U U,)—‘rd’l} Vd—i +Z +d(?] wd z))
> (64 1)(d—2i —2) +2. (2)

Clearly, the sets A; and A; are disjoint whenever |i — j| > 3 since otherwise
there exists a path of length at most two between v; and v;, and replacing the
(v; —vj)-section of P with this path yields a shorter (z, y)-path, a contradiction.
From now on we may assume that d > 8 since for § > 2 and n > 20 the right
hand side of (1) is at least 7. Let d = 6a + b, where a,b € Ny with 3 < b < 8.
Then the sets Bs;, t =0,1,2,...,a are pairwise disjoint. Therefore,

o(v) > ZU(%B&‘)

i=0

za: ((6+1)(d—6i—2)+2)

=0
(a+1)(6+1)(d—3a—2)+2(a+1).

Y
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Now 428 < g < dT Straightforward calculus shows that the function f(a) =
(a+1)( +1)(d—3a—2)+2(a+1) attains its minimum in the interval [4z2, 4=2]
for a = TS Substituting this value for a yields

o) > 15+ 1)~ (A +4) + 5(d—2).

Now m(G) =7 (v) = (fi Replacing (d — 2)(d +4) by (d +1)? — 9 yields
(@) > 12((5;_11)<d+ 1)2 - %(M 1)+ ﬁ(d— 2)

541 , 3 d—2
So(d+ 1) = S0+ )+

The difference between the diameter and the proximity is therefore bounded
as follows.

o+1 d—2
d—m(G) < d—?(CH'l) (5'1'1)—37” (3)

Denote the right hand side of (3) by f(d). Making use of the fact that Theorem
2 implies that (d+ 1)(d + 1) < 3n, we obtain

d+1)(d+1) 1 3n 1  3n-—2
’dzl—(i——>1————= .
F(d) 6n 3n — 6n 3n 6n >0

Hence the right hand side of (3) is increasing in d. By Theorem 2, d is at most

53_3 — 1. Substituting this value for d, we obtain, after simplification,

1 1
J (5+1)7177+—<Ln+25,

d=m(@) < 5+1 10+ 1)

~4(0 + 1)
as desired. O
In the following example we construct an infinite family of graphs which shows
that Theorem 1 and some of the bounds presented later in this paper are sharp,
apart from an additive constant.

Example 1. For given k,§ € N with k,5 > 3 let

Grs=Ki+Ks+ K1+ K1+ Ks_1 + K1]" 2+ K1 + K5 + K.
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It is easy to verify that n(Gx,s) = k(6 + 1) + 2, diam(Gy,s) = 3k — 1 = 2-n — &7

541 PR
and rad(Gr,s) = 3|£] +1 > ﬁn + %. Moreover, for large n and constant §
3 3
= 1 .
") = s T ag ) oW
and
3 544
PG = o™ "o oW

where o(1) stands for a term that approaches 0 as n tends to infinity.

For every fixed 9, the graphs G}, s for k,6 > 3 form an infinite family of graphs
for which diam(Gy, s) — 7(Gk,s) is within an additive constant of the bound in
Theorem 1. Indeed,

. 3 547 3 3
diam(Grs) = 7(Grs) = 529"~ 557 "1 1o+ oW
o wwm

40+1) 45+4
as desired.
We now determine a sharp lower bound on the remoteness in terms of the

diameter. We use this bound to derive a generalisation of a bound on the
difference between diameter and remoteness in [3].

Proposition 1. Let G be a connected graph of order n and diameter d. Then

n

d

n—1
and this bound is sharp for all n and d with n > d+ 1 > 3 for which nd is even.

Proof: Let u,w € V be two vertices at distance d. Then d(u,w) < d(u,v) +
d(v,w) for every vertex v of G. Hence

o(u) +o(w) = Z (d(u,v) + d(w,v)) > nd(u, w) = nd.
veV

Hence

p(G) = mase{(w).7w)} > g (o) + o (w)) >

N
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and the desired bound follows.
The following graphs show that this bound is sharp. If d is even and n > d+1,
then let

Hyq = [K1)Y? + Ky_q + K1) Y2,

and if d is odd and n > d 4+ 1 and n even, then let
Hyg = [Ky)@172 4 K—dav1y2 + Kin—dv1)/2 + [K)(4=D72,

It is easy to verify that

and so the bound is sharp. O

Corollary 1. Let G be a connected graph of diameter d. Then
1
p(G) > 7d7
2
and the coefficient % of d is best possible.

Since for a connected graph of order n the diameter is at most n — 1, Corollary
1 implies that the difference diam(G) — p(G) cannot exceed ™52, which was
observed first by Aouchiche and Hansen [3].

We note that the bound in Corollary 1 cannot be improved significantly for
graphs of given minimum degree . For example it is easy to verify that the
graphs G, 5 attain equality in the bound of Proposition 1 for any k and ¢ with
k,6 > 3.

2.2. Proximity and remoteness vs radius
Aouchiche and Hansen [3] gave the following bound on the difference between

the proximity and the radius.

Theorem 5. Let G be a connected graph of order n. Then

n—1 1 - -
B Sl ey if n is even,
rad(G) - m(G) < { n=l L ifn is odd.

4 n—1

and this bound is sharp for all n.
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The radius of a connected graph of order n is bounded by | % |, and for graphs
of minimum degree ¢ this bound can be improved by about a factor of %.
This was first observed by Erdés, Pach, Pollack and Tuza [9], who showed that
rad(G) < % + 5. Their bound was improved slightly by Dlamini [7], see
also [5].

Theorem 6. ([7]) Let G be a connected graph of order n and minimum degree §.

Then

3n
[
rad(G@) < 50+ 1) +1,

and this bound is sharp apart from an additive constant.

This suggests that, like the bound on diam(G) — 7 (G), possibly also the bound
on rad(G@) — 7(G) in Theorem 5 can be improved by about a factor of 5-%1' The
following theorem shows that this is indeed the case.

Theorem 7. Let G be a connected graph of order n and minimum degree &, where
0<% —1. Then

3 86 +5
G+ a1

rad(G) — 7(G) < 1

and this bound is best possible, apart from an additive constant.

Proof: Let r = rad(G). If r < 4 then the left hand side of the inequality in
the theorem is at most 3, while by 6 < % — 1 its right hand side is at least 3,
and the theorem holds in this case. Hence we may assume that r > 5.

Fix a median vertex vy of G. We show that

o(vy) > ‘”Tl((r —2)2 +1). (4)

Let R = ecc(vg). For i = 0,1,..., R, let N; be the set of vertices at distance
i from vg. For each i € {1,2,..., R} we choose a set 4; C N; of maximum
cardinality with the property that any two vertices of A; are at distance at
least three in G. For every vertex x € N[A;] we have d(vg,z) > i — 1. Since
IN[A:]] = (0 + 1)|Asl, we have 3 ¢ ya,) d(vo,x) = (6 +1)(i — 1). Since every
vertex of G is in at most three of the sets N[4;], i =1,2,..., R, we have

R
30(vo) = Y (64 1)|44l.
i=1
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Case 1: R > 1(3r —5).
Since |A4;| > 1 for i =1,2,..., R, we have

R

3o(v) > > (G+1)(i—1) = HTl(RQ—R)
i=1
> (5+1)(§r2—§r+%5) > (6+1)((r—2)%+1),

and (4) follows in Case 1.

CaSE 2: R < 1(3r—6).
We first show that |A;| > 2, provided that ¢ is not too close to 1 or R.

|A;] > 2 for all j with R—r+3<j<2r—R—3. (5)

Suppose, to the contrary, that there exists a j with R—r+3<j<2r—R-—3
such that |A;] = 1. Fix a vertex vg € Ng, and let P : vg,v1,...,vg be a
shortest (vo,vg)-path in G. Consider vg—,4+5. In order to prove (5) it suffices
to obtain the contradiction ecc(vp_r43) < r —1 < rad(G). Indeed, let = be
a vertex of G with d(vp_r43,2) = ecc(z). If d(vg,x) > j, then let @ be a
shortest (vg, x)-path, and let w; be the unique vertex of @ in N;. Then

d(vR—T‘-‘r-?n Uj) + d(vjij) + d(wj’x)
G-Rir—3+2+ (R j)

r—1,

d(vR—T‘+3 ) I) S
<

which is a contradiction. If d(vg,x) < j — 1, then

d(VR—r43,v0) + d(vo, )
(R—r+3)+5—1
R—r+3+2—R—4

r—1,

d(VR—r+3,T)

ININ A

again a contradiction. Hence (5) holds.

We now proceed to show that (4) holds in Case 2. Clearly, |A;| > 1 for i =
1,2,...,R. By (5) we have |A;| > 2 for all i € Nwith R—r+3 < i <2r—R-3.
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Hence
R 2r—R—3
3o(ve) > Y (O+1E-1)+ Y (@+1)(i—1)
i=1 R—r+3
6+1

- [2r2+(R—r)2+3R—11r+10}
> (5+1){(r—2)2+1},

and (4) follows also in Case 2.

We are now ready to complete the proof of the bound in Theorem 7. From (4)
we obtain the following lower bound on the proximity.

7(G) = ——o(w0) > 3(5;_11)[@ —2)241)
Therefore,
rad(G) — 7(G) < r — 3(‘5;11)[(7« _ 92 41).

Denote the right hand side of the last equation by f. Making use of Theorem
6 we obtain

of 1
pr W(T*Q)Zlf

26+1)/ 3n 21
3(n—1)<2((5+1)7 )_3(n—1)>0'

Hence f is increasing in r. Substituting r = % + 1 into f we obtain after
straightforward calculations,

3 8 +5 (6+1)(8 +20)+9
rad(G) — n(G) < 4(5+1)n+4(5+1) 20 +1)(n-1)
and thus
rad(G) — 7(G) < 3 n 80 +5
T4(0+1) A +1)

which is the desired bound.

To see that the bound in Theorem 7 is sharp apart from an additive constant
consider the graph G}, s in Example 1 for even k. For these graphs we have for
constant 0 and large n,

3 §—2 3 3
rad(Gr,5) = m(Gro) = 2(0 + 1)”Jr 5+1 46+ D)" a0+ +o(l)
3 46 — 11

=" Taeen ToW
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as desired. O

From Corollary 1 and the inequality rad(G) < diam(G) we get the following
lower bound on the remoteness in terms of radius.

Corollary 2. Let G be a connected graph. Then
1
p(G) > §rad(G).

The coefficient % cannot be improved, even for graphs of arbitrarily large min-
imum degree. To see this consider for given r,b € N the strong product of a
cycle of length 2r + 1 and a complete graph on b vertices. It is easy to verify
2 —
that this graph has radius r» and remoteness Tij{l + (2;;(;) (711)71)7 where n is
the order of the graph, i.e., n = (2r + 1)b. If r and b tend to infinity, then

p(G) — 3rad(G) tends to —32.

2.3. Proximity vs average distance

We present an upper bound on the average distance in terms of remoteness
which is reminiscent of the well-known inequality diam(G) < 2rad(G). Al-
though it is likely that this inequality is known, we were unable to find a
reference for it.

Proposition 2. (i) Let G be a connected graph. Then
u(G) < 27(G).

(i) There exists no € € R with € > 0 such that p(G) < 2m(G) — € for all connected
graphs G.

Proof: (i) Let v be a median vertex of G, i.e., a vertex with a(v) = 7(G).
Then

o(@) = 33 dwy)
zeV yeVv
< Z Z (z,v) +d(v y))
zeV yeV
= nZd(x,v) —|—nZd(y,v)
zeV yeVv

= 2no(v).
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Dividing by n(n — 1) yields

and (i) follows.

(ii) Counsider the trees Ty, k € N, k > 2, defined as follows. Let T} be obtained
by attaching k vertices vy, vs,...,v; to a vertex v, and then attaching k& — 1
vertices to each v; for ¢ = 1,2,...,k. Then T} has k2 + 1 vertices, diameter
four, and all its vertices have either degree k or degree 1. It is easy to verify
that 7(Ty) = 2+ % and p(Ty) = 4— @, where n = k2 + 1. Hence,
for large k,
27 (Ty) — u(Ti) = O(n"2),

which implies that for every € > 0 there exists a kg such that 2w (Ty) —u(Tg) > €
for all k£ with k& > k. i
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